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Abstract 

The gauge covariant magnetic Weyl calculus has been introduced and studied in previous works. We prove 
criteria in terms of commutators for operators to be magnetic pseudodifferential operators of suitable symbol 
classes. The approach is completely intrinsic; neither the statements nor the proofs depend on a choice of a 
vector potential. We apply this criteria to inversion problems, functional calculus, affiliation results and to the 
study of the evolution group generated by a magnetic pseudodifferential operator. 

1 Introduction 

This paper is devoted to the study of some commutator techniques in the frame of the twisted pseudodifferential 
calculus associated to Quantum Hamilonian sytems in a bounded, smooth magnetic field. In order to take advantage 
of the gauge invariance we formulate our statements about commutators in an algebraic frame using the twisted 
Moyal algebra (Section 2). In Section 3 we study the magnetic translations and their generators in order to 
formulate our main result, an analogue of Beals' Criterion [2], in an algebraic setting. This theorem is proved in 
Section 4 for the case of symbols of type Sq{E) (|2.9p . In the 4-th Section we extend our main Theorem to symbols 
of a general class 5^(2) (|2.9p and also prove a Bony type Criterion We apply these criteria in Section 5 for 
inverses and fractional powers of some twisted pseudodifferential operators and to the functional calculus they 
generate. In a last chapter we use the idea of Bony to define Fourier Integral Operators and introduce a class 
of Twisted Fourier Integral Operators. We prove that for a large class of first order elliptic symbols, the unitary 
groups that they generate (in any Hilbert representation) are such operators. 



1.1 Beals criterion in a classical setting 

For a linear operator T acting in L^(M") or in some other related function space, it is often useful to know if it is a 
pseudodifferential operator with the symbol in a certain class. A possible answer ([2], [3], |10j ) can be given in terms 
of commutators: very roughly, a necessary and sufficient condition would be that the successive commutators of T 
with an infinite family of specified simple operators has a specified behavior. Very often this involves boundedeness 
of the commutators seen as operators between some Sobolev spaces. We indicate a particular case, relevant for our 
purposes. 

The Weyl calculus is a systematic procedure to associate to suitable functions / (classical observables) on R^" 
(the phase space), operators Op{f) acting on functions u : R" C. Formally this is given by 

[Op{f)u]ix) := {27r)-- J^Jy J^^drjexp{i<x-y,v>}f(^^,Ti^ u{y). (1.1) 

This formula has various interpretations for various elements / and u. Frequently it is assumed that / belongs to 
one of Hormander's symbol classes S™g{M.") and (|l.ip is regarded as an oscillatory integral. Then the operators 
Dp(/) have nice multiplication properties, they act continuously in the Schwartz space iS(R") and, in the case 
m — 0, p = S = 0, they define bounded operators in the Hilbert space H := i^(R"). 

In Quantum Mechanics TC is considered to be the state space of a quantum particle moving in R"; the basic 
observables of position and momenta are, respectively, the operators Qj of multiplication by the coordinate Xj 
and the operators Dj := —idxj, j ~ l,...,n. The correspondence / ^ ^p{f) = f{Q,D), often called "a 
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quantization" , is interpreted as a functional calculus for the family of unbounded self-adjoint non-commuting 
operators {Q;D) = {Qi, . . . , (5„; Di, . . .,£)„). 

Independent of any interpretation, the operators Q and D are involved in Beals' characterization of those 
operators that are pseudodifferential (here in the Weyl sense) with symbols in the classes S'™q(R"). We describe 
only the result for 5*° q(M^"). Let us denote by adq., aOoj, the commutators with Qj and Dj, j ~ 1, . . . ,n; in a, 
general notation, a05[r] [S, T] = ST — TS, for convenient operators S, T acting in H. 

Then the operator T is of the form Op{f) for some f G Sq q(R^") if and only if for all multi-indices (ai, . . . , a„) 
and (ofi, . . . , q;„) in N", the commutators 

a5^\...aI)5'aI.SV..a£)^jr] (1.2) 

define bounded operators in H. 

Aside the obvious direct interest of having criteria for an operator to be pseudodifferential in purely hilbertian 
terms, such a result is also very handy for deciding under which conditions inverses or functions of Weyl operators 
are still of the same type. 



1.2 Magnetic pseudodifferential operators 

The main goal of the present article is to prove analogous results for a generalization of the Weyl calculus adapted 
to the situation in which a variable magnetic field is also present. We recall very briefly some facts concerning the 
magnetic pseudodifferential calculus that we have developed in [19] and [12]. Other references are [18], [M], [15], 
[20] and [21]. 

First some notations. We denote E" by X, with elements x, y, z. X' will be the dual of X , with elements ^, rj, C. 
We also denote by < •, • > the duality form < ^, x >= ^{x) —< x, ^ >. The phase space will be S = M^" = X ® X', 
with elements X = (x,^), Y = {y,r]), Z = (z,C)- In ^ct these notations will be used in a rigid manner: if the 
contrary is not explicitly stated, when one encounters X e S, one should think that its components in X and X' , 
respectively, are called x and ^; the same for Y and Z. S stands for the Schwartz space, S' for its dual, formed 
of tempered distributions, and 18(7?,; T) is the vector space of all linear continuous operators acting between the 
locally convex spaces TZ and T. For any real euclidean space y we consider on S{y) the family of norms indexed 
by M € N (defining its localy convex Topology): 



m\\M 



sup \Y''{d'^)iY)\ 



^^^|a| + |H<A/ 



Suppose given a magnetic field B, i.e. a closed 2-form on X with components of class C°°{X). Since dB = 0, the 
magnetic field can be written as the differential B ~ dA of a 1-form Aon X with components of class C°°{X), called 
vector potential. In such a situation, aside the position operators Qi, . . . , Qn, one works with the magnetic momenta 

:= Di — Ai, . . . , := Dn — An- By analogy with the Weyl calculus, one would like to construct a quantization 
assigning to phase-space functions / operators C'p"^(/) which admit the interpretation Op^{f) = /(Q; H'^), within 
a functional calculus. The commutation relations satisfied by the 2n operators {Q^Ti^) are more involved that 
those for B — Q (especially when B is not a polynomial), so a new pseudodifferential calculus is required. The 
solution Dp^(/) =Dp(/^) was offered in the literature, with f^[x,£) := f{x,S, — A{x)). It fails, because it is not 
gauge covariant: two vector potentials A, A' which differ by an exact 1-form A' = A + dip define the same magnetic 
field, but in general there is no reasonable connection between the operators i)p(/^) and Dp{f^ ). 

The solution is to introduce in (|l.ip an extra phase factor exp {— ir'^([a;, y])} , where r"^([a;,?/]) := J^^^-^A is 
the circulation of the 1-form A through the segment [x, y] := {tx -f (1 — t)y \ t € [0, 1]}. So, for any test function 
/ G >S(S), we define the following operator, which is not equivalent in any sense with Dp{f^): 

Op^if)u\{x) := (2^)-"^dy^ d,7exp{z<x-j/,77>}exp{-zr^([x,y)]} /(^^,77^ uiy). (1.3) 

A thorough justification of this formula, properties and applications can be found in the references cited above. 
We note that gauge covariance is recovered: if dA — dA\ then Dp^{f) and Op^ (/) are unitarily equivalent. 

Although for some developments this is not necessary, let us assume that the components Aj of the vector 
potential are in C^j(A'), the space of all C°° functions on X with each derivative dominated by an (arbitrary) 
polynomial. This can always be achieved if the components Bjk are in Cj^j(<Y), Vj', k = 1, . . . , n. We have proved 
in [12] that the application Dp^ is an isomorphism 

Dp^ ■.S{E)^M{S'{X);S{X)), (1.4) 
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and may be extended to an isomorphism 

Op^ : S'{E) ^ M{S{X)-S'{X)). (1.5) 

Thus there exists a vector subspace Tl^{E) of S'{E) sent bijectively by Dp-^ onto M{S (X)) ~ M{S{X);S{X)). 
The fact that it only depends on the magnetic field is an easy consequence of gauge covariance. In [12] and [19] it 
is shown that 071^(2) contains all Hormander's classes of symbols 

S^^si^) := [f e I V(a,a) e N" x N", BCac > 0, md^f)ix,0\ < Caa < ^ >™-''l"I+^kl | 

for m e M, p > 0, (5 < 1, as well as the space C^j ^(S) composed of those / G Cj^[(S) for which all the derivatives 
are dominated by a fixed polynomial (depending on /). 

1.3 The magnetic Beals criterion; the represented version of a particular case 

Now we come to the Hilbert space Ti :— L^{X). For the hilbertian framework we shall need a stronger as- 
sumption on the magnetic field, so we recall a function space that will be used very often subsequently. For 
any m-dimensional euclidean space y (the cases y — X and y — 'E. will be relevant) we set BC°°{y) = {/ G 
C°°(y) I a"/ is bounded for any a e N'"}. A particular case of a result of [H says that Dp-^ [5go(S)] ^ ®(^) if 
Bjk G BC°°{X). 

The next statement is an extension of the result of Beals described in the first subsection, which can be recovered 
for B = 0. It is one of our main results. 

Theorem 1.1. Assume that the components of the magnetic field B belong to BC°°{X). Choose a vector potential 
A defining B (i.e. B = dA) which belongs to C^j. A linear continuous operator T : S{X) — > S'{X) is a magnetic 
pseudodijferential operator with symbol of class 5q q(S) if and only if the commutators 

are hounded operators on Ti. for all multi-indices (a, a) = (oi, . . . , a„, ai, . . . , a„). 

This Theorem will be recast in a more tractable setting in the next section. It will be proved in Section 4, after 
some preparations involving magnetic commutators and phase-space translations, object of Section 3. More general 
results, including a treatment of the class S^q{E), will be given in Sections 6 and 7. The final two sections will 
contain applications, mainly investigating the functional calculus applied to a magnetic pseudodifferential operator. 

2 The main results in an intrinsic setting 
2.1 The need of an intrinsic approach 

The goal of this Section is to rephrase our problem in a more elegant and tractable intrinsic language. 

Many of the drawbacks of the mathematical theory of systems placed in magnetic fields come from the following 
fact: Although the single physically relevant object is the magnetic field, in most cases the objects one studies 
involve the choice of a vector potential. Not only is this vector potential highly non-unique, but it is also worse 
behaved than the magnetic field. 

On one hand, obtaining gauge-invariant assertions is a difficult matter, both concerning the assumptions and the 
conclusions. Most often, the underlying hypothesis says that a certain result holds for magnetic fields admitting a 
vector potential with some specified properties, although one suspects that some simple condition imposed directly 
on B would suffice. And it happens sometimes that the output is not obviously a gauge-covariant assertion. 

On the other hand, rather nice magnetic fields admit as a best choice a vector potential which is a more 
"singular" function than B itself. Within the class of bounded magnetic fields, for instance, a large subclass only 
corresponds to unbounded vector potentials. 

While trying to prove Theorem 11.11 we had to overcome these obstacles. The way out is actually built in 
the formalism itself. Beyond the magnetic pseudodifferential operators, one also disposes of algebraic structures, 
defined only in terms of B. The main notion is a symbol composition jj^ which extends the usual Weyl-Moyal 

multiplication law, for which Dp^(/)Dp'^(.g) = Dp'^(/ jj-^ g). Thus (Dp-^) is seen as a family of equivalent 

V / dA=B 

representations of some algebra, the choice of this algebra being at our disposition and depending on the type of 
symbols (classical observables) one would like to treat. Some choices are well-suited to various practical problems 
(spectral analysis, as in [22j . quantization, as in |20j). This will also be the case for our commutator characterization 
of magnetic pseudodifferential operators, as shown below. 
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We note that all these are consistent with the C*-algebraic approach to quantization, cf. [16] and references 
therein. Presentations of the general algebraic formalism for systems in magnetic fields, including C*-algebras 
generated by twisted dynamical systems, can be found in [51] and pU] , 

2.2 The magnetic composition law 

First we note that S is a symplcctic space with the canonical symplectic form 

a{X, Y) = a[{y, ??), (z, ()] =< V, z > - < C,y > ■ 

As said before, the magnetic field is described by a closed 2-form B of class BC^{X). It has a natural raising to 
a closed 2-form on S and it is easy to verify that the sum 

{aB)ziX,Y) ■.= aiX,Y) + B{z)ix,y) 

defines a symplectic form on S. 

For any /c-form C in X, given a compact /c-manifold IC C X, we set 

r^[/C] := f C (2.6) 

and 

n'^[JC]:^expl^~i J c| = exp{-ir<^[/C]} , (2.7) 

involving the invariant integral of the /c-form along the compact fc-manifold. 

On the Schwartz space of test functions iS(S) we introduce the magnetic composition: 

{ff9)(X) ^-2" dyciZe-2-(^-^'^-^)f}^[r(x,y,z)]/(y)g(Z), (2.8) 

where T{x, y, z) is the triangle having the vertices: x — y + z^y — z + x, z — x + y. Under the assumption that 
Bjk G C^[(A:'), it is easy to show that 5(S) is a *-algebra, the involution being the usual complex conjugation. 

The point in introducing p is that one has Dp'^(/)Dp'^(5i) = Op'^(/tJ^5) for any /,.g e 

Once we have verified (see [19]) that for any three functions /, h from 5(S) one has the following equality of 
the two L^(S)-scalar products: 

we can extend the magnetic composition [1^ by duality and define the magnetic Moyal *~ algebra as being the 
unital associative algebra 371^(2) of tempered distributions F e 5' (S) satisfying g F e 5(S) and F jj-^ g G 5(S) 
for any test function g g 5(S). Actually it is the same space defined in the previous section, and if Aj G C^j 
then Op^ : 9Jl^(S) RiSiX)) is an isomorphism of involutive algebras. The magnetic composition extends to 
composition laws : S'{E) x M^(S) -> 5'(S) and p : 971^(2) x S'{E) ^ 5'(S). We shall denote by /- the 
inverse of / G VJl^{E) when it exists. 

An important matter is the behavior of the Weyl calculus with respect to Hormander's symbol classes S''^^g{E). 
In the present article we are only interested in the case (5 = 0, for which we use the simplified notation 

57 ^ 5™o := {./ G C-(S) I I (d^^d^f) (x,OI <Caa<^ >™-H"l}. (2.9) 

By Theorem 2.2 in [Tg, if B G BC°°, toi, ma G K and p G (0, 1], then 

5^"^^) f S'""(S) C S';j'i+"^(S). (2.10) 

Actually the case p = is a consequence of our Proposition in Appendix I8.45i but the asymptotic development 
contained in [12], Theorem 2.2 will no longer hold for this case. In dealing with symbols we shall very often make 
use without explicitly marking it, of the regularization procedure described in Appendix 18.11 

Let us also define £^(S) := ^^Dp"''^ []B(7Y)]. It is obviously a vector subspace of S'{E) and a *-algebra for the 

magnetic composition. We transport the norm of B(7i): || / ||£i3:=|| Dp^{f) ||b(-h) '^iU be a C*-norm on £^(S). 
Gauge covariance shows that the C*-algebra C^(S) is independent of the vector potential A. For a nicer point of 
view on the norm j| • \\b, involving twisted crossed products, we refer to [21]. As already noticed above, by the 
magnetic version of the Calderon-Vaillancourt theorem proved in [12], one has Sq{E) C £^(S). 
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2.3 Statement of the result 

Let us consider real linear functions belonging to 971^ (S) of the form ix{y) cr(X, F), for some X G E. By 
quantization, they produce the basic operators of our theory, as explained below. 

Let us denote by (ei, . . . , e„; ei, . . . , £„) the canonical base of S = M^". We choose a vector potential A associated 
to the magnetic field B (i.e. such that B = dA), and consider the representation Dp"^ : — > B[L^(A')] 
associated to it. We observe that we can then associate to our linear functions lej , the operators of multiplication 
with the variables, as operators in M{S{X);S' {X)) 

Dp-^CleJ = Qj, such that iQjf)ix) := Xjf{x) 

and to the elements l^- the magnetic momentum operators 

Dp^([,J = n/, such that {Tlfu){x) := -i{d^^u){x) - Aj{x)u{x). 

We introduce now a family of derivations, which play at an intrinsic level the role of basic commutators. 
Definition 2.2. For any X G E we set 

ad^[F] -.^ Ixf F-Fflx, VFeS'iE), e S. (2.11) 

Obviously we have on S{X) 

a5op-(,,) (Ov^iF)) = OV^ (a5f (i^)) , V^^ G 9Jl^(S). 

One of the main results in this paper, the intrinsic version of Theorem 1 1.1[ is 

Theorem 2.3. If B is of class BC°°{X), then f e Sq{E) if and only if for all N eN and all Ui, . . . ,Un & E with 
|C/i| = •■• = \Un\ = 1 

a<...a<[/] ee:^(s). 

The statement above can be understood in terms of C°°-vectors and this reinterpretation seems to us interesting 
even for the case B = 0. To this end we shall use an action of the linear space S on the algebra 9Jl^(S), defined 
by conjugation with exponentials of linear functions. The family of exponentials 

ex exp{-i[x}, XeE (2.12) 

could be called the algebraic Weyl system. The functions Cx are unitary elements in VJl^{E) for any X G S; the 
corresponding operators VF"^(X) :— Dp^{cx) were studied and used in [THj as a sort of building blocks for the 
magnetic Weyl calculus. Then we define a family of automorphisms, indexed by S, of the magnetic Moyal algebra: 

SsXH^Tf G Aut [m^{E)] , 

1^[F] -.^ c^xfFfzx, VFem^iE). (2.13) 

Each also acts on other spaces, as iS(S), iS'(S), L^(S) or €^{E). In particular, since Op"^(e±x) are bounded 
(unitary) operators, is an automorphism of the C*-algebra <^^{E). Generically, we call (T^)^^„ the family of 
magnetic phase-space translations. For B — this reduces to the usual phase-space translations (^x)xeB.- 

Definition 2.4. For a magnetic field B with components of class BC°°{X), we define the following linear space: 

C°° (X^; := {/ G €^{E) \ X ^ 1^[f] e £^(2) is in X = 0} 
and endow it with the following family of scminorms: 

{mI^jS« I |f/i| = ---|c/iv|-i, Nen}, (2.14) 

At a more elementary level, let us observe that the symbol space Sq{E) is nothing but BC°° {E) — C°° (T; BC{E)). 
Here we considered automorphisms defined by translations 

[lY{f)]iX):=f{X-Y), X,YeE 

on the C*-algebra 

BC{E) := {/ : S ^ C I / is bounded and continuous}. 
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endowed with the sup-norm || • ||oo • i3C°°(5) is also a Frechet space with the family of seminorms 

{ll • K«) eN^"}, II / \\lfy.=\\ d^d^f lloo, (2.15) 

obviously equivalent with the family 

{\\-\\lfZu.\ |C/i| = --- = |C/a^| = 1, A^gn}, ||/||^;^^,a„:=||9r/,...9c/„/||oo. (2.16) 

At first sight the two spaces BC°^{'Ej) and C°°{1^ , seem to be very different. They involve different families 
of derivations acting in different C*-algebras (i3C(S) and £^(S) are quite different even when B — 0). But we 
shall prove in Section 4 the following result, that implies Theorem 12.31 which in turn implies Theorem ll.il 

Theorem 2.5. If B is a magnetic field with components of class BC'^{X), then the spaces C°°{%;BC) and 
C°°(T^,£^) coincide and have isomorphic Frechet structures. 

3 Magnetic phase-space translations and commutators 

We shall introduce notations that will allow us to put into evidence some algebraic and topologic structures 
appearing in a rather natural way when dealing with the magnetic translations of symbols. 

Notations 

• For a distribution _F € 5'(S) and a test function g € 5(S), we define the following commutative mixed product 
(this is a mixture between pointwise multiplication in the first variable and convolution in the second): 

{F*g){x,0 ■■= f d'qF{x,^-r,)g{x,n) with F *5 G 5'(S). (3.17) 

JX' 

• For any p G [1, oo] we shall consider the complex linear space BC{X; LP{X')) of bounded continuous functions 
/ : X L'P{X') endowed with the norm 

||/|U,p sup ( / d£,\f{x,0?] ■ (3.18) 
xdx yjx' J 

• For m G M we define the weight function fximW) •— < ^ (l + Itip)™^^ and the following functions on 
phase space: q„i(a:, ^) := (tr™ ® l)(x, ^ >™ and pm(2:, ^ := (1 ® rDm)(a;, =< i >™. 

• Let us define the complex linear space 2l(S) as the space of functions a G BC°^{X; L^{X')) C BC{X; L^{X')) 
such that pp ■ (9" a) G BC{X; L^{X')) for any p > and any multi-index a G N" (i.e. having rapid decay in 
the variable ^ G A"' together with all its derivatives with respect to the x £ X). 

Let us point out that ||/||oo,oo ~ ll/lloo- Taking into account that the oo-norm is a cross- norm for the usual 
multiplication as well as the Hausdorff- Young inequality, we see that the above norms behave well with respect 
to our mixt product *. In fact the mixt product in (j3.17p also defines a bilinear abelian composition law on 
L^{X'\ BC{X)) and we have the following results: 

Proposition 3.6. 

1. The space BC{X; L^{X')) is a Banach algebra for the -k-product and 2t(S) is closed for the operation 

2. For any p G [l,oo], the -k-product defines bicontinuous bilinear maps: 

BC{X;L\X')) X BC{X;LP{X')) 3{f,F)^f*Fe BC{X; LP{X')), 
BC{X- L^{X')) X LP(S) 3 (/, $) ^ / * $ G LP(S), 
with the estimations: \\f-kF\\oo,p < ||/||oo4l|-F||cx;,p, respectively ||/*$||p < ||/||oo4l|$||p. 

3. If f £ 2l(S), then for any symbol 4> G S'™(S), we have f -k cj) E S'™(S), the map being continuous. 

4. For f G 2l(S) and for any Af G N there exists a constant C{M, n; f) G IR.+ such that 

III/^V-IIIm <C(A/,n;/)|||V|||Af, V^G5(S). 
The proof is defered to an Appendix. 

Since translations in the ^Y-variable will occur very often, we use a special notation: :— T(a;.o)- 
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3.1 The magnetic phase-space translations 

To study the families (|2.12p and (|2.13p . we introduce first a 2-cocycle associated to the symplectic form cr and the 
magnetic field B. Its cohomological and analytical importance was outlined in our previous works. The space 

C{X, U{1)) := {ip : X ^ C \ (fi is continuous, \(p{x)\ — 1, Vx G X} 

can be seen as the group of all unitary elements of the C*-algebra BC{X). 
Definition 3.7. 

uj"" :ExE^CiX,U{l)), 

(z) :=exp{(z/2)a(X,y)}r!^[r(z,z-y/2,z + a;/2)]. (3.19) 

The multiplication properties of the functions ex, ^ £ S will be essential in the sequel. By straightforward 
computations we obtain 

Lemma 3.8. 

ex f ey =t^^(X,F)ex+y = 

= {r_(.+,)/2 [i^'^iX^Y)] } f tx+Y = tx+Y f {r(.+,)/2 [^''{X.Y)] } . 

The next step is an explicit formula for the phase-space magnetic translation T^^, with U ~ G S. 

Proposition 3.9. For any 3 points q,x,y X let us define the parallelogram 

r{q;x,y) := {q + sx + ty\se[-l/2,l/2],te[^l,0]}, (3.20) 

having edges parallel to the vectors x and y, respectively. We consider the distribution il^[V{x;y,u)] (see 
and \2. 7^ ) and its Fourier transform with respect to the second variable: 



n^[u]{x,0 :=(27r)-" / dy e"*<^'«>17^[P(x; y, u)]. (3.21) 
• We have the following explicit formula: 



X 



{" <.l/2 M 

-i yjUk / ds I 



dtBjk {x + sy + tu) ) . (3.22) 



• For U — {u, fi) £ ^ and f G •S{^), we have 

1§[f] = n^[u]*1u[f]- (3.23) 

Proof. Straightforward computations give 

(z^uffW) = n-'-J^ dY,J^ dr2e-2-(^-^-^-^^)l]^[r(y,2/i,y2)]e'^(^^^^)/(y2) = 
(by integrating upon 771 G X*, and using Fourier inversion formula for So{y — 2/2 ~ ""72)) 

= e^^<v,y-u/2> dY'e^'<y'''^'>-^'<'^''y>-'^'<'^-''/'^'y'>n^[T{y,y',y-u/2)]f{y-u/2,r]'). 

Thus 



1§[f]iX) = 7r-2«y_ dY j_ dZe-2-(^-^'^-^)l]^[T(a:,y,z)] {z-uff) (r)e— (^^^) 



^^2^<^,y-u,2>^2^<■,^^./2.y'>-2^<^'.y^y'>^B^^^^^y^ z)] f!^ [T (y , y' , y - u/2)]/(y - u/2,T^') - 

(we integrate with respect to 77 and C by using the Fourier inversion formula for 5q{i) — x + u/2) and for 5q{z — x ■ 
y + u/2 + y') respectively) 

= TT-" / dy' e~^'<^-'''y'-'''+''/^>il^[T{x,x - u/2,2x - u~ y')]n^[T{x - u/2,y',x - u)]x 
J X 
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(changing variables from y' to y — 2y' — 2x + u) 



u 

Remark 3.10. Using Stokes Theorem for the closed 2-form B and the formula T(„_^)(g*/i) = T(ii,o)5 * '^(m,ai)^j 
we get by a straightforward computation the following formula for composing magnetic translations: 

where 



Jx 



<x+^,x + ^— u,x+^— u-v> 



B 



^ V V y 

< X ,x u.x U — V > 

2 2 2 



and < a, 6, c > C A" is the triangle defined by the vertices a, 6, c. Although U is not a representation of ^ 

by automorphisms, it is however clear that 

Tf^oTft; = Xf,+,)^, VC/eS, Vs,teR. 
3.2 The magnetic derivations 

The mappings (aD^)j^g„, defined in (j2.1ip . will be called magnetic derivations. They are the infinitesimal objects 
associated with the family of automorphisms Our notation stresses their interpretation as commutators, 

but another natural one would be a^^ = Djj = —idjj. Anyhow, for B = they reduce to usual derivations. 

Proposition 3.11. For any X E R and to G M, we have the equalities 

^ idtttx)\t=t, = IX f ztox = ztox f IX (3.24) 

and 

I dtlfAF]l=,„ = -off [^IxWW ■ (3.25) 
Proof. Due to the fact that uj^ is obviously unitary in £^(S), we have 

uj^{tX,toX){z) = exp{(i/2)ttocr(A:,X)}17^[r(z,z-ioa;/2,z + te/2)] = 

= D.^[T{z,z-tox/2,z + tx/2)]. 

Remark that the three vertices: z — (z — tox/2) + {z + tx/2), {z — tox/2) — (z + tx/2) + z, (z + tx/2) — z + {z — tox/2) 
of the above triangle are in fact equal to z + (t + to)x/2, z — (t + to)x/2, z + {t — to)x/2 and thus are colinear. It 
follows that the flux of B through the given triangle is and we get 

uj^{tX,toX){z) = 1 

and by Lemma [3?8l 

[Ht+t„)x - ^tox] = t-' [uj''itX,toX)-htx f tt,x - ttox] = 
= t'^ [ttx - 1] f ttox = t-^ [exp{~itlX} - 1] f ct„x ^ H)lXf ttox- 

Similarly 

[e(t+to)x - etox] ^ (-Oetox f IX. 

For the second equality we observe that 

= *"M^-(*+*o)X tt'^ -^tt'^ Ht+ta)X - e-toXtt"^ Ztox] = 

= i"M[^-(Wo)x - t-t,x\ f Ff e(,+,,)x} + t-^{t-t,xf Ff [e(,+,„)x - et„x] } . 
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It is extremely useful to express the magnetic derivations in terms of usual ones. 
Proposition 3.12. For U — {u, /i) G S and f G we have 

aO^[/] = i-i) lini (Xf^[/] - f) ^ u ■ (D, + S^)f + a* ■ D^f, 

where 

n „ 

Jx 



(3.26) 



fe=i 



1 /2 

anrf b^j^{x,y) := j_ii2 ds Bjk{x + sy) are functions belonging to BC°°{X x X). 



Proof. The first equality is a particular case of (|3.25p . 

The last equality in (|3.26p is easily obtained from (|3.23p by differentiation. For j G {1, . . . , n} we have 



d 



^^^J + Sff:=aT>^^[f] = {-^) — 



U=0 



SO that, taking into account the bilinearity of the mixed product we get 

d 



But 



n=0 



d 



(X) - (27r)-" J^dye-^<y'i> ^—n^[p(x;y,u)] 



u=0 



-i(2TT) 



dye 



-i<y.i> 



X 



1/2 

yk I ds Bkj [x + sy) 
k=i -^-1/2 

.1/2 ^ 
^-'<y^^> / dsBkj{x + sy) 

J-l/2 , 

and using the properties of the usual convolution we get 



Let us notice that D^^ {c* f) = c ★ -D^, / and Z?j., {c-k f) = D^^c-k f + c-k D^^f . Using then the associativity 
and commutativity properties of *, it is easy to verify that the different components of the vectorial operator 5^ 
commute with each other and we have 



1=1 m=l 



Moreover we obtain 
and thus 



j,/c— 1 1 



DiB 



(3.27) 

(3.28) 
(3.29) 
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3.3 Estimations for the magnetic derivatives 

Proposition 3.13. For B with components of class BC°°{X) and for any j E {1, . . . , n} we have 

l<|a|<2([n/2] + l) + l 



^Sff 



with the coefficients belonging to the space 2l(^). 

Proof. If we denote by J-2 the Fourier transform in tlie second variable (tlie ^-variable), then we can write for any 
natural numbers m and M 



fc=i 



n 

E(l ® tr(_2„.))^2 [(1® < D >2")(1 ® ir(_2Af))&ffe] *{1'»<D >'^')%/ = 



fc=i 



EP(-2™)-^2 [(1® < D >2™)(1 tr(_2Af))6ffe] 



fc=l 



0<|/3|<2A/ 



E P(-2m)-^2 [(1® < D >2")(1 ® tr(_2M))6| 

1<|/3|<2M+1 



d^f 



with 6;^ G BC°°{X X A"). Thus we have the following expression for the coefhcient functions: 



cfa = P(-2m)^2 [(1® < D >2™)(1 ® n>(^2M))bfp ■ 

Now we can chose m such that lTi_2m G -^^('^); take 2m > n. By also choosing 2Af > n we get that 



||cf„||oo,l < |lp-2m||Li sup (1® < D >2")(1 ® tr(_2A/))6f^ (^) 



< 



< l|tt'(-2m)llLisup / [(10 < >'")(l®ir(_2A/))6f^](a;,y) 



< 



< C'||tt)(_2m)llLi||tt'(-2M)llLi 

For the second conclusion we repeat the proof of Proposition 13. 131 above, taking now 2m > n + p. 



max sup \[d^bfi^]{x,y)\ 



Remark 3.14. Among others, the results above imply that (together with Prop. 3. 6, pet. 3) 

ad§ [5™(S)] C 5™(S), Vf/ e S, m e M, p e [0, 1]. 



(3.30) 



Remark 3.15. Using the explicit form of the functions b^j, appearing in Proposition 13. 121 one easily proves that 



d.,c%^ = P(-2™)^2 (1® < D >2")(1 ® tr(_2A/)) [d.,bfp 



IdiB 



P(-2m)^2 {I® < D >^™)(1 XC(^2M))h';'p 



Corollary 3.16. For B with components of class BC°°{X) and any j G {1, . . . ,n} we have 

• ||<5f miloo < Coo E|.|<2[„/2]+3 \\9lf\U V/ G 5(S) 

• a(}§ sends 5™(S) in 5™(S) for any m G M and any p G [0, 1]. 

• (5^,at)^ : i?C°°(S) — > i?C°°(S) are continuous operators. 

• g E S{E) implies S^[g] £ >S(S), the map 6f being continuous for the topology o/5(2). 

Taking into account this result, the explicit formula p.26[) relying usual derivatives to the magnetic ones and 
the commutation relations (|3.28p and (|3.29[) . we get easily 

Corollary 3.17. On BC°^{E) = 5*5(2) = C°°(T; BC(S)), the families of semmorms ||| • ||^^^^| {a, a) G N^^j 
and 



(ll ' ll((7i,...,;7iv)l 

are equivalent. 



\Ui\ 



\Un\^i} 



with II F 



i1".BC 
I(Ui,...,Un)- 



)^^...ad^jF] lloo 



(3.31) 
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4 Proof of Theorem 12.51 

We shall consider a fixed an euclidean basis {ei, . . . , e„} of our configuration space X and the dual basis {ei, . . . , e„} 
in X'. We shall constantly use the multi-index type notations 

(ac)f)":= (aOfJ-o...o(ac,,^J- 
(ac.f)":= (a0fj-o...o(ac)fj- 

4.1 Proof of the embedding 5C°°(S) C 

Recalling that i3C°°(S) = S'q(S), this inclusion will be a consequence of the following Calderon-Vaillancourt type 
theorem, that we proved in |12j : 

Theorem 4.18. Assume that the magnetic field B has components of class BC°° . Let G £ SppCE.) for some 
p e [0, 1). Then G G £^(2) (i.e. Dp'^(G') e B(L2(A'))J /or B = dA) and we have the inequality 

\\G\\irB < c{n) sup sup sup 

|a|<p(n) |a|<p(n) 

where c{n),p{n) are constants depending only on n, that can be determined explicitly. 

Let F be an element of BG°°{E). By Corollary EH G ai§^ . . . ai§^ [F] also belongs to BC°°{E), so we can 
use Theorem 14.181 with p ~ and get 

II aT)§^ . . . ac)^„ [F] \\^b < cin) sup sup || d^d^a^^^ . . . aO^„ [F] |U • 

|o|<p(ra) |al<p(n) 

Then applying Corollarv l3.17l gives the result. 



p(l"l-kl) 



d:diG{x)\ 



(4.32) 



4.2 Proof of the embedding C°°(1^; C^) C 5C°°(S) 
The basic step is 

Theorem 4.19. There exists N E N, dependig only on the dimension n and on the magnetic field B, such that any 
distribution f G <5'(S) satisfying ||(aO^) (flff) [/Hies < oo for all \a\ + |q!| < is in fact a bounded measurable 
function and there exist a constant C < oo such that 

\\f\\oo<C Yl Il(a0f)"(a0f)"[/]||,.. 

a| + |a|=JV 



Then for any F £ G°°{1^;(i^), the function / := aO^^ ...ad§^[F] can be plugged in Theorem SH The 
Frechet spaces embedding C°°(X^; C BC°°{E) follows by applying Corollary ETT] 

So we only need to prove Theorem 14. 191 For this we use a strategy inspired by [3] (Lemma 2.2); some changes 
are needed to implement magnetic translations and derivatives. 

Proof. 1. Since the algebraic tensor product S{X) QS{X) is dense in S{X x X) and the inclusion S{X) ^ L^{X) 
is continuous, taking into account the explicit formula for the kernel of a magnetic pseudodifferential operator, we 
deduce that the inclusion map £^(S) > S'{E) is continuous. It follows that there exist constants Ci > and 
A^i G N such that for any / e €^(E) and any ip G S(E) 

|</,^>|<C||/||£B ( max sup|X"(OV)|j^C||/||£Bl||^||k„ 

where a and b are multi-indices in N^" and ||| • \ \\ni is one of the semi- norms of 5(S). 

2. If * denotes the usual convolution and f{Y) f{~Y), we evidently have for any X G E 

(/*0)(X)=</,T_x[0] >. (4.33) 

Now we choose a function x G '^(S) such that its Fourier transform x S C'o°('^) with x(X) = 1 on a neighborhood 
of the origin of S. For any e e (0,eo] and X e E we set Xx.eC^) ■= e~^"x((i^ - ^)/^): Xx{Y) := xx,i{Y). We 
have 

^{Y) = ^2ne-\^,SY) - e-\-'- (^^^^) d,x{{Y X)/e) e-'i^^jY), 

j=i \ / 
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where the function ?/; vanishes on a neighborhood of 0. Therefore, for any iV G N wc can find functions 
|0„ I |a| = 7V| satisfying ^(Z) = E|a|=w(*^)°^a(^)- Thus for any / e £^(2) and for 5 > 



f* 



de 



de 



\a\=N 



(4.34) 



Since hm/ * ^ = /(^) weakly in iS'(^), if we can find a finite bound for the right hand-side member we deduce 
s — >o 

that / belongs to and we obtain 



\a\=N \ ~* JS 



The problem now is to replace in the last term above the usual derivatives of / with magnetic derivatives. 
3. Let us first notice that 



l<j<n 



l<|/3|<2([n/2] + l) 



By direct computations it is easy to show that 



and 



(4.35) 
(4.36) 



Thus we conclude by a simple induction procedure that for any multi- index a G N^", the derivative 9°/ is a finite 
sum of terms of the form r* (aO^)°(ot)f )'''/ with r G 2l(S) (the algebra introduced in the Notations at the begining 
of the previous section), 7 G N" and (oOf )''(aOf )''/ G €^{E). 

4. Let us choose r G 2t(S), g G £^(S) and ^ G iS(S); then r -k g £ S'{E). The following triple integral is 
absolutely convergent and 

[{r * g) * Tp] (X) = dy drj j dC r{y,C)g{y,ri - C,)tl){x - y,^ - vi) ^ 
Jx J X' J X' 

dy drj j dC r{y,^ - -q - C)g{y,C)ip{x - y^-q) = 

X JX' JX' 

dy j dt] dC g{yX)T~x[r\{y-x,S,--q-Q)i){x-y,vi)^ 

X JX' JX' 

= {.9*[(t-.W)^^*^]}(x,C), 
where (T_a;[r])^^ (y, 77) :— (T_j,[r]) (— 77) = r(x — y, rf). Thus, using the first two points of the proof we get 

sup |[(r*5)*V^](X)| = sup |{.g* [(r-.[r])^^*V^]}(a;,0| < 



< sup sup \{g* [{T^xir]^' *ip]}{x,^)\ < sup C||.g||g;B |||Ty[r]'^i *i^\\\N^ 



< 



yex{x,i)ei 



yex 



<C{m,n;r)\\g\\cB \M\\n„ 

using point 4 of Proposition 13 . 61 in the last step. 

5. By writing the last term of the right hand side of (|4.34p as a linear combination of terms of the form {r-kg) * 
with g replaced by a suitable sequence of magnetic derivatives applied to f, ip — {Oa)^ ^ and taking N large, we 
finish the proof of our Theorem. ■ 
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5 Commutator Criteria for Magnetic PseudodifFerential Operators 

5.1 The class of symbols 5^(3) 

For A > and m > we define 

PmMX) - Prn{X) + \ =< ^ +X, (5.37) 

that is clearly an elliptic element of 5^(2) C 5*5" (S) C m^{E). In a previous paper |22| we have shown that for 
A > large enough, pm.A is invertiblc in 971^(2) with a quasi-explicit inverse 

P;.. - P-J., f E = f (1 - ^a)-, (5.38) 

fceN 

where p^\{x,i) ~ {< ^ >™ +A)~^ is the usual point-wise inverse and 

rA - Pm.x f P™!, - 1 e 5?(S) C 5S(2) C 0:^(2) 

is a reminder that can be controlled as in [22]. The series converges in £^(S). 

For any m > we fix A > such that pm,A is invertible. We shall use the weight function 



pm.X, for TO > 



(5.39) 



such that s„j = S-m- For m — we set simply 5o '■— 1. 



Theorem 5.20. yl distribution F G 5'(,^) is a symbol of type S'g"(S) if and only if for any N and any family 
of N vectors {Xi, . . . ,Xn} C S the following is true: 

s- f (aOf ^ • . . . • aOf „ [F]) e €^{E) Vto e M. 

T/ie families of semi-norms \\s:^d^d^F\\oo, with (a, a) e N^", and ||s„tl^ (aOf^ • . . . • aOf ^ [F]) HgB, mrfexed 6j/ 
G N and N -tuples of vectors in S, define equivalent topologies on 5™(S). 



Proof. Step 1. The Theorem is true for to = (it is just our Theorem 12.31 

^ I m I P I I 

ac)f ^ . . . aOf „ [F] e S^{E), VXi, . . . , X„ e S, Vn e N 



Step 2. For to < 0, s,- = S|„,| = P|,„u e ^{"'(S) C ^''"'(S). If F e 5o™(S), by Corollary [311 



By ([2T0|) s„ p (al)f ^ . . . aOf ^ [F]) e S'S(S) and thus it belongs to €^{E), as we already know from Theorem [4T8l 
Thus the direct implication in the statement of the Theorem 15.201 is proved for to < 0. 
Step 3. For to < we shall prove that for any F G S'{E): 



VTVgN, V{Xi,...,X^}cS, (aOf^ ....-aOf^iF]) gG:^(S) F G (5.40) 



Since Sm = Pi^i x G C^(^), for any Xi, . . . , Xn G ^ we have 



aff , . . . ci5f „ [F] = s,„ f (s- tt^ aOf ^ . . . aof „ [F]) G €^(2), 

and using Theorem l2.3l we conclude that F G >5'g(S). 

Step 4. For to < we shall prove that for any F G S'{E): 

ViVGN, V{Xi,...,XAr}cS, s-f (aOf^ - ...-aOf^iF]) Ge:^(S) ^s-fFG^glS). (5.41) 

Due to the hypothesis of (|5.4ip with iV = 0, s~ jl^ F belongs to £^(S) and we compute 

[Vf^] = (5.42) 

= E E ("^5.1 ■ ■ ■ ""^X, [P|™I.a] ) H'' s„ f f ( aOi, . . . a5i,^ JF] J , 

where ji < • ■ • < j/c, j( < • ■ ■ < j'M-k and {ji, . . .,jk}\J{j'i, ■ ■ -JM-k} = {1, • • ■ , M}. 

The factors s„ jl^ ( aOf „ . . . aOf ., [F] ) belong to £^(S), by the hypothesis in ([SliTjl . 
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Using (|5.38|) for m < and the fact that adx preserves the symbol space 5*^(2), we can write 



-1 aB 
\m\,\ B 



(5.43) 



e5i"i(s)r5-i'"i(s)f e:^(s)cG:^(s). 

We conclude by induction on M that aOf ^ . . . aOf [s„ jj^ i^] G €^{E) for any Xi, . . . , Xa^, thus by Theorem [Ql 
we get s- tt^Fe50(S). 

Step 5. For to < we shall prove that for any F G 5'(S) 



(5.44) 



Using the results in [52] (see formula (2.6) in the proof of Theorem 1.8 in section 2.1 of the paper) for the symbol 
= P\m\,\ G s\^\e), there exists u G Sq{E) with r < such that for any M e N 



■ M 



(5.45) 



Thus we can write 



F = 



■ M 



Now F and p\„i\,\]i^ F belong to S'g(S) by Step 3 and Step 4, Eo<fc<M ''^ belongs to S'g(S) due to the 
properties of u and p|^j| ;^ G 'S'™(S). Thus if we choose M > m/r and use the Theorem of magnetic composition of 
symbols from ^12', we get the desired conclusion F G S'™(S). 
Thus we have proved the Theorem for to < 0. 

Step 6. We show that for any p > the distribution s~ G £^(S) is a symbol of type Sq^{E). In fact we apply 
the result of the Theorem with to = — p < for F = 5~ . To the obvious relation 



one applies the operator a5^^ • . . . • aD^^ , using the Leibnitz rule for derivations to obtain 



where ji < • • • < jk, j[ < ■ ■ ■ < jN-k and {ji, . . .,jk} \J{j{, ■ ■ -JN-k] = {1, ■ • ■ , N}. We can rewrite it as 

k=a ji,...,jk ^ ' N k / 



(5.46) 



(5.47) 



or 



N-l 



fe=0 31, ■■■,3k ^ 

Taking m = —p < we obtain 



(5.48) 



(5.49) 



fe=0 ji,...Jfc 



faff. 



N-l 



= -T. H aof ...aof [Sp] 

fc=0 ji,...jfe ^ 



s" tt^ Sp f ( a<)^ 



E E [^^h 



• off [Sp 

■'N-k 



{^^f ( 
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Thus starting with the known relations 5„ G £ (S) and (1 — r) £ £ (5) (proved in [22]) and 



a55., ...aO^., [sjrSpG 0:^(2) 

(shown in (j5.43p ). and using induction, we see that aU the conditions 

B;^f (aOf^...aOf „[.,-])£ £^(2) 

are satisfied and thus 5~ G Sq^{E). 

Step 7. We shall consider now the case m > and prove first the direct implication. Assume that F G S™{E), 
which implies at)^^ . . . a5^^[i^] G S'™(S). Step 6 implies s~ G Sq"^{E). By the Theorem of magnetic composition 
of symbols in r^] we get s" ^ (at)f ^ . . . aOf „ [F]) G ^g(S) C £^(2). 

Step 8. For m > we prove now the inverse implication. For F G iS'(^) we show 

V7VGN, V{Xi,...,Xa.}cS, (aOf^ .....aOfjF]) Ge:^(S) ^ s" f G ^"(S)- (5.50) 

Due to the hypothesis of (|5.50p with iV = 0, s~ jl^ F belongs to £^(S) and we compute 

(5.51) 

fe=Oji,...jfc ^ 



k=0 ji,...,jk 



where ji < • • • < jfc, j(, . . -J'M-^k and {ji, . . . , jfc} U{ji> • ■ • > JM-fcl = {1, ■ . ■ , M}. 

The factors s;; p ( aOf , . . . aOf , [F] ) belong to by the hypothesis in ([^301) . Using the result of Step 6 

we know that s~ G Sq"^(E) and thus we have 

[a^l^ . . . a^l^ ) f G S^^iE) f S^{E) c S",{E) c £^(2). (5.52) 

By the hypothesis in ((5?50)) we conclude that aOf ^ . . . aOf [s„ jj^ F] G for any family of vectors of ^ and 

thus, by Theorem 12.51 we conclude that s^j jj^ F belongs to Sq{E). 

Then 

F = s„f FG5^'^(S)f 5o"(S)c5o"(S). 



5.2 The class of symbols 5^(H) 

Theorem 5.21. yl distribution F G 5'(S) zs a symbol of type S'™(S) (with < p < 1) if and only if for any 
p,q £ N and for any ui, . . . ,Up E X and any /ii, . . . , G X' the following is true: 

s™-,, f {aK • . . . • aOf^ac,^^ • . . . • a5^^ [F]) G £^(2). (5.53) 

T/ie two families of norms: 

\\s- I , d?d^F\\^, 

indexed by (a, a) G N^^\ and 

lls™-,p f (aff, • .... aOf^aO^^ .... . aO^^ [F]) ||,. , 

indexed by {p,q) G and sets of vectors in S, define equivalent topologies on S'™(S). 
Proof. Obviously F G S^{E) is equivalent to 

d^F G ^""'"'"(S), Va G N", (5.54) 
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that due to our Theorem 15.201 is equivalent to 

^{rn— \ci\p) 



^rm-lolp) ■ ■ ■ ^^xJt^] e ^""i^)^ e I^"' ViV e N, VXi, . . . , e S, (5.55) 



I.e. 

sr™-Hp)f [a0f,...al)f„(a5fj"^...(a<r"i^] ee:^(S), eW\ VN e N, VX,, . . . , e E. (5.56) 

Choosing \a\ — q, N = p and = for j e {1, • . . we see that (15. 56^ implies the condition (|5.53p in the 
Theorem and thus the direct imphcation is proved. 

Now suppose that (|5.53p is true for any p,q & N and for any family of p vectors {ui, . . . , Up} C X and any family 
of q vectors {^i, . . . , fig} C X' . Let us take iV G N, {Xi, . . . ,Xn} C S and a G N". Due to the commutation 
relations p.29p , we can rearrange the operator adx^ ■ ■ ■ '^^Xn a sum of operators ad^^ ■ . . . ■ ad^^ ot)^^ • . . . ■ ad^^ 
with p + s = N . Then (|5.53p implies that 

^im-is+HM f (< • ■ ■ • • « ■ ■ • ■ • <,i<r ■ ■ ■ ia^lr-lF]) e £^(2). (5.57) 
Thus, we conclude that for any a e N", ViV G N and V Xi, . . . , Xn G S: 

= V-i.ip f b™_(.+|.|)p f K.-is+H), f • • ■ i<r ■ . . (aSfj- [F]) G C^(S) 

due to relation (|5.57p and using the result of Step 6 of the Proof of Theorem 15.201 

^^Haipf s™-(.+|.|)P e 5„-("-l"l''Hs)r 5™-(^+l"l)''(S) c S. '^^iE) c 5S(S) C £^(2). 
Thus (|5.54p implies (|5.56p and we get also the inverse implication. ■ 
Since F G S^{E) if and only if F* G S^{E), by taking the adjoints we prove 

Corollary 5.22. A distribution F G 'S'(S) is a symbol of type S'™(2) (with < p < I) if and only if for any p 
and q in N and for any family of p vectors {ui, . . . C X and any family of q vectors {/ii, . . . ,/ig} C X' the 
following is true: 

(aOf^ • .... aOf^aO^^ .... • a^^ [F]) f s," G £^(2). (5.58) 
5.3 The Bony criterion 

Following the work of J-M. Bony ^ we shall reformulate our main theorem by replacing the commutators with 
linear distributions (of the type Ix) by symbols of class S'+(S). 
Definition 5.23. Let p G [0, 1]; we define the class of symbols S'^(S) as 

S;iE) G C'°°(S) I \{d:d^^) iX)\ <Cao.<i >''(i-l"l), for |a| + |«| > l} . 

For any ip G S'^ (S) C 971^ (S) we can define the derivation 

aQ^[F]:^^f F -Ff VF G 9Jl^(S). (5.59) 

Theorem 5.24. A distribution F G 5'(S) is a symbol of type ^"(S) (with < p < 1) if and only if for any TV G N 
and any family of N symbols {ipi, . . . , ^Pn} C S'^(S) the following is true: 

B-fa^^^...a^^jF]e€^{E). (5.60) 

Proof. 

Step 1. First let us consider that F G >S'™(S) and let us compute its commutator with symbols p G S'+(S). For 
any distribution F G 5'(S) we shall introduce the notations 

V^F:=d^F, V^,F:^d^F, 

{F)x.s{Y):^F{X + s{Y ~X)), for s G M, 
and remark that for any p G 5'+(S) we have that V^p E Sp{E) and V-^.,p G Sp{E). Then 

a<[F](X) = i^f F){X) {Ff p){X) = 
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TT 



-TT 



dYdZe-^"'^^-^'^-^'>n^[T{x,y,z)] {ip{Y)F{Z) - ip{Z)F{Y)} = 

= 7r-2»<^(x) J J dYdZ e-'^"'^^"^^^-^^n^[T{x, y, z)] {F{Z) - F{Y)} - 

ds J J dY dZ e-2-(^-^'^-2)r!^[T(2;, y, z)] {[{X - Y) ■ (V(^)((l - 3)X + 3Y)]FiZ)} + 

+7r-2» ^ ds J J dYdZ e-^"'^^-^'^-^'>n^[T{x, y, z)] {[{X - Z) ■ (V(/7)((l - s)X + sZ)]F{Y)} . 
The first term is evidently vanishing and we obtain by usual integration by parts techniques that 

aO^[F](X) = -^Y.j\s JJ dY dZ e-2-(^-^.^-^)f7^[T(x, y, z)] x (5.61) 

X {[{W,v)xjYUidc^F){Z)] + [{V,^)xAZ)]Ai9n,F){Y)]~ 
-[(V,,^)x.(nb- [{d.,F){Z)-t{d.T^[nx,y,z)])F{Z)] - 
-[{V^,^)xMZ)h [{^y^F)(Y)~^{^yT^[T{x,y,z)])F{Y)]}. 

Observing that the functions n^[T{x,y,z)] and r^[T{x,y,z)] belong to BC°^'{X;C^^{X x X)), due to our hy- 
pothesis on the magnetic field B and using the results of Appendix 18.451 we conclude that ac)^[F] is a symbol of 
type <S'™(S) and thus, using also the results of the last section, jj^ aO^[F] belongs to £^(S). Replacing now F 
with a();^[F] we may iterate the above argument and obtain the condition (|5.60[) of the Theorem. 

Step 2. Let us prove now the inverse implication. Thus let us consider a tempered distribution _F on S that satisfies 
()5.60p in the statement of the Theorem for some to e R and p G [0, 1]. For any vector u ^ X and any vector /i G 
we observe that: 

= aj^[a((u,0), {x,m = (5.62) 
9.,[u = 9.,K(7/,0),(a;,e))] =0, (5.63) 
%lM = %[^((0,A^),(a:,O)] =0, (5.64) 
d^\^ = 9,^.[a((0,M),(a;,0)] = M.- (5.65) 

Thus, for any X and any ^ G A" the distributions [„ and belong to 5+(S) (for any p G [0, 1]). Using (|5.60p . 
that we suppose to hold, we deduce that 

f (affi • • • ^'^l.K. ■ ■ ■ ■ ■ ■ [^]] ) e e:''(2). (5.66) 

Conclusion 1. Using our Theorem 15 . 201 we conclude that oJ)^^ . . . o3i^^\F\ is a symbol of class S^{E) C 9Jl^[S] for 
any N and any family of S'+(S)-symbols. 

Now, for < /5 < 1 we shall verify the hypothesis (|5.53p of Theorem 15.211 The idea is to use a special symbol 



a 



of the type f^.p := I^^jJ 5p. Unfortunately, this is not an element of 5*^(2) (for p > 0) so that we shall need 
localization procedure in order to control the dependence on x ^ X. We follow the procedure elaborated by J-M. 
Bony and J-Y. Chemin [6j. , but dealing only with a specific class of metrics we shall avoid the use of the general 
confinement norms and prove some confinement results in Appendix 18.61 We shall use repeatedly the following 
observations 
Remark 5.25. 

1. For any two C°°{X) functions / and g, considering them as functions on S constant with respect to ^ G A"', 
we have /tJ^g = fig = f ■ g. 

2. For any C°^{X) function /, considering it as function on S constant with respect to ^ G X', and any symbol 
F we have /jJ-^F = /jJF and Fp/ = FjJ/. 

3. For f G C°^'{X')nS'p{E) and g G C'^{X)nS^{E) we have that ffg ^ \ ■ g + "fif, g), where j{f,g) G 5'o~''(S). 

4. For F G S^(E) and G S'g(S) or q G C°°(A") n Sp{E), we have that 

ac)^[F]G5^(S), aT,f[F]eS^{E). 
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While the first point of the above remark is evident, the second follows easily by integration by parts, and the last 
two can be easily proved by a very similar procedure to the proof of (|5.6ip and using once again the results of 
Appendix 18.451 

Suppose chosen a positive function x G C'^(A') such that dxx{x) = 1 and suppx C Bfj{0). Then we have 

'^fx.oM = r^ix] =■■ X. e Co" (A-), yxex 

defining a continuous map X 3 x Tx[x] G Cq" (X) , so that we can define the following integrals in the weak sense 
as elements of iS'(S) (the translations acting continuously on the Frechet space S{X)), and we have in the sense of 
distributions 



dx 



X 



2'f^,o)[x] = / dxT^[x] = 1 



Thus, due to the continuity of the magnetic Moyal product as map 5'(S) x 5'(S) ^ we can write for any 

G G S!Jt^(S), in the sense of distributions: 



G 



dxG^ 



X 



dx 



X 



dy Tx[x]iG'iTy[x] 



X 



Remark that for any F G OJt (^) we have (for any (f> e •S{X)) 



{FfG,<p)={G,n^F) = l^ 
For any fixed a; £ ^ we can write 



dxGx, 



X 



F)^ 



dxFf G„ 



X 



dy T^ixl^GiTylx] 



X 



dy {r.lxmrylx]} 



B2r{x) 



dy {-TxixliGiTylxl} 



and we introduce the notations 
Gx '■- 



B2r{x) 



dy {Txixmryix]} , Gx 



B^j^{x) 



dy {Tx[x]iG'iTy[x]} . 



Let us also denote by 



dyTyixl = Tx 



B2r{0) 



dyTyixl 



IB2r(x) 

and observe that 9{z) = 1 for z G 5_r(0) so that 

Ox = X, Gx^ XxmOx 
Gx= I [< X - y >^ {Tx[x]mry[x])\ <x-y>-^dy 

J\x-y\>2R 

First let us consider G = ad^^ . . . ad^^ [F]. 

Using Conclusion 1 above for our F^ and the Theorem for the magnetic composition of symbols, it is easy to 
see that Gx G SJJ^{E) uniformly with respect to x € X. In fact we shall use several times the observation that the 
symbol type norms (on any S'™(S)) are left invariant by translations with ^Y-variables. 

For Gx we use Lemma [8.461 in Appendix l8.6l to prove that the integral is finite and defines an element in 5*^(2) 
uniformly with respect to a; G A". 

Let us prove that 



uB^^B 



a<[G]ee:^(s). 



In fact, we can write 



ft Sptt Sr, 



ft Smtt Sptt a5p 



and due to the fact that (by the magnetic composition of symbols) s,„_p 
estimate 



<[G]. 



'^s A^Sm G 5*0 (^) we only have to 



-^Spf a5^[G] = / dx[s. 



G, 



G, 



(5.67) 



In order to control the integral appearing in (I5.67P we shall apply the usual Cotlar-Stein argument together with 
the confinement result in Lemma 18.471 of Appendix 18.61 In fact we shall use the following form of the 'integral 
Cotlar-Stein Lemma' proved in [7 (Lemma 4.2.3'): 

Proposition 5.26. Let {^Ax\x<^x be a family of bounded operators on a Hilbert space Ti such that the following 
two estimations are satisfied: 
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sup (j^dz\\AlA^\\lQ<M, 
sup <Af. 



Then dx Ax converges for the strong topology and we have 



dx A„ 



< M. 



We have to verify that all the terms appearing in 15.671 verifv the conditions of Lemma 18.471 in Appendix 
Let us consider the first contribution to the integral in 15.671 and remark that 

for any x ^ X, where l^^x ■— T'xi'^fi], i-e. lfj,^xiZ) =< ^, z ~ x > with < ^, x > a constant term (with respect to the 
variable z). Moreover, if we fix a C^{X) function ip such that tp ■ 9 = 6 (then we also have tp ■ X ^ x) ^^^d denote 
by ipx ■= Tx^ and by i/'^.a; := ^ii^x^x] we get (remark that ^jIxx = ipxiipxXx) = ipxXx = Xx) 



spf Kxr ixxmox) - {xxmox)fip,x\ 

= Spf [l^.xf (xxfCfOx) - {xxfGf6x) fl^,x] = 

5pf [{lp,xfXx) fGfOxfi^x - i^xfXxfGf {Oxfit^.x)] = 

of^xf [(V'M-f X.) f Gf 0, - x.f Gf V^M,-)] f = 



and (see Remark [5. 25^ 



G, 



f^x = i^xf^pf^^X. 



Gx 



G, 



fi^x 



G, 



First we remark that tpx — q) t^l 



G, 



ad 



B 

7(5p,'/'M,x) 



G, 



- ad 



G, 



ft 



(5.68) 



(5.69) 



rr-B 
-^(a;,0) 



define translations of symbols of class S"? (^) with rapid decay in the X variable. Then, the family | 
defines a family of symbols in 5o"(S) uniformly with respect to a; G A". Observing that 

K.(Sp • i't.,x))iY) = (< ?7 >" +X)yiMy - < /i, (y - 2:) > [dy^i'Ky - x)]. 



G 



=]}, 



<ri > 



<T]>P ^< fi, {y-x) > ■0(2/ - a;), 



we deduce that Sp-ip^^x G S'^i^) uniformly for x e A:" and due to our Conclusion 1, the first term in l5.69l is uniformly 



bounded in S'™(^). Using the above Remark 15.251 for 7(5^, ■f/'M-^) conclude that '^''7(5^^^^) G^ 
uniformly with respect to x € X. Now for the last term in 15.691 we use once again the Remark 15.251 We conclude 
thus that we can apply Lemma 18.471 in Appendix 18.61 and thus Proposition [526] above. 
Let us study now the second contribution to the integral in l5.67l 



^ «B„~.B 



G. 



SpfGx 



QC.^[Sp]f G, 



(5.70) 



and the second term defines clearly an element of S'™(,^) uniformly in a; G A. For the first term, denoting by 
:= 1 — we remark that Xx ■ S'x — 0. Let us fix a function (p £ C^{X) such that (f) ■ X — X and (j) ■ O"^ — 0. Then 

BpfGx = (5p • cj>l)fxxfGfei + 7(sp, cg)fGx - XxfGfiBp ■ cj^x ■ 9%) = 
= (0. • Bp • ^x)fGx - Gxf{5p ■ <Px) + 7(Sp, 0')f G, + XxfGf-i{ei,5p ■ Cf>x) = 
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= aof^.^JG,] + [7(s„0^) • 0.)] fG^+x.fGf^{ei,5p ■ 0,) (5.71) 

where Sp- <j)x & ^^(S) uniformly for x & X. It is easy to verify that 7^(6*^, Sp • (j)x) is a symbol of class ^^(S) with 
rapid decay in the X variable and uniformly with respect to a; G A" (just repeat the arguments of the proof of 15.611 
snd use once again the results of Appendix l8.45p . Thus the last term can once again be treated by applying Lemma 
18.471 in Appendix 18.61 (with = G constant). For the first two terms above we use Lemma [8.481 in Appendix 18.61 
and thus end the proof. 

Conclusion 2. Thus we proved that for F verifying the condition (|5.60p of the Theorem, for any iV e N, 
{(fii,..., (Pn} C 5'+(S), denoting G := ad^^ ■ ■ ■ ad^^ [F] we have for any fi e X' 

Taking any family {Xi, . . . , Xm} C S and taking into account the commutation of the at)^ operators (|3.29p we 
obtain that 

s^n-pf^K ■ ■ ■ a^l, [aO^G] = s,-_pf aO^ [aof ^ • ■ • aof [G]] = s^^^^f a5^[G] 
with ^ 

to which we apply once again Conclusion 1 and Conclusion 2. Finally we use Theorem 15.201 to conclude that 
at.^[a<...a<jF]] e^r^lS). 

Taking now G = ad^ ['^^!pi ■ ■ ■ '^^!pj[P]] ^ •5'™ ''(S) and repeating exactly the above procedure we shall obtain 
that 

s;;-2pf aO^^ [aO^ [aT,^ . . . aD^,[f^]]] e €^{E). 

Iterating these arguments (and taking into account the commutation properties of the adx operators) one clearly 
finishes the proof. ■ 



6 Applications 
6.1 Inversion 

Proposition 6.27. If F G S'p(S) is invertible in the C* -algebra C^(S), then the inverse F~ also belongs to 5*^^(2). 

Proof. By Theorem 1 5. 24i we need to show that for arbitrary e N \ and any family (pi, . . . , hi 5*^(2) we 
haveaO^,...aO^„[F-] Ge:^(S). 

For any subset K := {fci, . . . , 
It is known and easy to prove by induction that 



ipi ■ ■ ■ ""^ipN I 

For any subset K := {fci, . . . , km} of the ordered set J := {1, . . . , A^} we write T)^ :— ad^^^ . . . ad^^ 



The sum is over all partitions J = U^^j^J^ where, for example, the partition (Ji, J2) is considered different from 
(J2, Ji). The coefficients Gj-^^,,,^j^ take only the values ±1, but this is not important. 

Once again by Theorem 15.241 we know that each Dj,[F] belongs to £^(S), while F" G £^(S) by assumption. 
It follows that £>f e€^iE). ' ■ 

Proposition 6.28. For m < if f e S^(E) is such that 1 + f is invertible in €^(E), then (1 + /)" - 1 G ^^(S). 

Proof. We borrow a simple idea from 17J. Choose / G >S'™(S) such that 1 + / is invertible in £^(S). Then 
(1 + f)^ G S'p(S). Consequently, by an obvious identity and by the magnetic symbolic calculus 

(1 + f)- - 1 = -/ + (1 + /)- f / f ./ e 5™(S). 



Proposition 6.29. Let m > and p e [0, 1]. If G E 5'™(S) is invertible in m^{E), with s^tt^G" G €^{E), then 
G- G 5-"(S). 

Proof. First we remark that for any m G M we have 5„i G S'™(S). To see this, one just has to repeat the proof by 
induction given in Step 6 of the proof of Theorem l5.20l bv using symbols pj G S^{E) in place of the linear symbols 
used there. Then use Theorem 15. 241 
One has 

Gfs-m G 5™(S)f ^;'»(S) c 5°(S). 



20 



In addition this element is invertible in £^(S), since we can compute in 0Jl^(5) 

(Gf s_„)" =s„f G- e e:^(s). 

Then, by Proposition 1^:771 5,„tJ-^G" £ S^{E). Consequently 

■ 

To verify the boundedness condition in the above Proposition l6 . 29l the condition of ellipticity is usually needed. 
Definition 6.30. For m > 0, a symbol F G <S'™(S) is called elliptic if there exist two constants R, C for which 

\£.\>R => F{x,^)>C <^>"' . 

We can apply Proposition 16.291 to any elliptic symbol of strictly positive order by using Theorem 4.1. in [T2] . 
In fact that Theorem asserts that for an elliptic symbol F e 5'™(S) with to > and for any vector potential vector 
A with B = dA, we get a self-adjoint operator Op^ having a spectrum cr[F] that does not depend on the choice 
of the representation (by gauge covariance). Thus for any z ^ (t[F] the operator Dp"^(F) — zl — Op^{F — z) 
is invertible with bounded inverse. This means that the inverse {F — zl)~ exists in VJl^{E) and that it belongs 
to Moreover, the Theorem 4.1 in [12] implies that Op^[{F - z) s;;^] is a bijection on L^{X), and thus 

Sm^^ {F — z)^ = [{F — z)^^5^] G £^(S). This allows us to use Proposition 16.291 and prove the following 
statement. 

Proposition 6.31. Given a real elliptic symbol F e for any z ^ cr[F] the inverse {F — z)^ exists and is a 

symbol of class Sp™'{E). 



6.2 Functional calculus 

Relying on Propositions 16 . 27l and [673T1 we can obtain results concerning the functional calculus of elliptic magnetic 
self-adjoint operators. In any given Hilbert space representation associated to a vector potential A we have 

<1>(Dp^[/]) ^-.Op^ [<1>^(/)] 

and this gives an intrinsic meaning to the functional calculus for Borel functions $. 

We recall (cf. [T7] and references therein) that a '^*- algebra is a Frechet *-algebra continuously embedded in a 
G*-algebra, which is spectrally invariant (i.e. stable under inversion). Our Proposition 16.271 savs that S'p(S) is a 
4'*-algebra in the G*-algebra £^(S). But 'I'*-algebras are stable under the holomorphic functional calculus, so we 
can state: 

Proposition 6.32. If f e S°{E) and $ is a function holomorphic on some neighborhood of the spectrum of f , 
then $«(/) e50(S). 

If $ G G^(]R) (and in many other situations), $^(/) can be written using the Hclffer-Sjostrand formula 

<f''if)^- f dzd^^z){f-z)-, (6.73) 

$ being a quasi-analytic extension of $ (cf. [11], [8], [9]). 

Proposition 6.33. //$ G G^(M),/ G 5'™(S),to < J, elliptic if m > then $^(/) G 5p'"(S). 

Proof. Let $ be a quasi-analytic extension of <!> G G^(M), i.e. $ G Cg°{C), $|r = (f> and for any Af G N there 
exists Cm > such that 

<Gm ioTX + i^ieC. (6.74) 

Then using formula (|6.73p we get 

. . . a<„ [$-(/)] ^'-J^dz 3„.f ac,- . . . ac,^„ [(/ - zy] , 

with Q (Z C a, bounded domain strictly containing the support of $. 

To understand the behavior in z = A + i/i of the magnetic derivatives of (/ — z)~ , we adapt some ideas of [T], 
section 6.2. Since $ has compact support, we concentrate only on the divergence when /i — > 0. 



9$ 
&z 



(A -I- ifi) 
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Let z, zo ^ cr(/) and ip £ S'+(S). 

^ [(/ - = -(/ - f at)^(/ - z) f (/ - z)- = 

= -if - z)- f if - zo) f if - zo)- f aO^(/ - 20) f (/ - 20)- f if - zo) f (/ - z)- = 

aO^ [{f-zo)-] f 

where 

g{z) := (/ - z)- f (/ - zo) = 1 + (z - zo)(/ - z)- . 
Then, by reccurence, we prove that aD^^ . . . [(/ — z)^] is a finite Hnear combination of terms of the form 

(z - zo)™-iff(z) f [if zo)-] f g{z) f ...f g{z) f [(/ - zq)-] f g{z), 



with (Ji, . . . , J,„) a partition of {1, ... , A^} and S)^ aOf, . . . aOf, for the ordered set K := {fci, . . . , fcp}. There 
are at most + 1 g's. 

;„„ „„ ^Yic factors 

One also has || g{z) \\itB< C|mI^^ on supp^. 

The factor Smll^5(2^)tt^S,/i [(/ — z)~] needs a special study. 
The first (constant) term composing g is trivial. For the second we write 



Under our assumption on /, all the factors Sj [(/ — zq) ] are elements of £'^(^) with z-independcnt norms. 



Braf[{z ~ zo)(/ - z)-]f^jA{f - z)-] = (z - zo)s™f (/ - Zo)- f [{f - zo)f (/ - z)-]f S)jJ(/ - z)-] 

and once again we are safe, because Smjl^(/ — zq)^ G S'plS) C C-^(S). 
So finally, putting everything together, we get 

< A >^ 

II aO^, . . . aO^„ [(/ - z)-] 11,.. < C^^. (6.75) 
Using now the estimations (|6.75p and p.74p and Theorem 15.241 we get the stated result. ■ 
6.3 Fractional powers 

Choosing a vector potential A for the magnetic field B and considering the associated Schrodinger representation 
on ?i = L^{X), one proves 

Theorem 6.34. Given a lower bounded F G ^"(S) with m >Q, elliptic if m > 0, let Dp^[F] be the associated 
self-adjoint, semi-bounded operator on Ti. given by Theorem ^.1. and Corollary 4-4 llSj let to G such 
that for Fo :— F -\- tol the operator Dp^[Fq] is strictly positive. Then for any s G K the power s of Dp^[Fo] is a 

magnetic pseudodifjerential operator with symbol F^f^" G S'p™(S), i.e. ^£)p'^[Fo]^ = Dp^[Fg*'^]. 

Proof. Due to (|2.10p and the above Proposition 16.311 the statement is valid for any s G Z. Once again by (|2.10p 
it is enough to solve the case s G (—1,0). 
In this case the equality 

(Dp^[Fo]) = y . [Op^iFo] -z) dz = -i^OV^ i^J z%Fo - z)-dz ^ 

may be proved by approximation. First we restrict to vectors u G E^^^^^ ^{[—N,N])L'^{X) and use the Cauchy 

formula for the analytic function z* on the domain {Sftz > 0} n {0 < e < |z| < 2A^}. Here e < inf Dp'*(Fo) and Ft 
denoted the spectral measure of the self-adjoint operator T. Then one lets e \ and N 00. Thus we only have 
to prove that 

t'{Fo + it)-dt = [ t'{Fo + it)-'Gtdt G 5™"(S), 



where Gt := {Fo + it){Fo + it) . This will follow easily from (i) and (ii) below and the behavior on pointwise 
products of the seminorms defining the topology of S'™(S) 

|/U,p,, sup maxmax <e>-"+''l"l (a5"9,V)(^,^) 

(2;,{)GH m<P \a\<q 

(i) Gt belongs to S'p(S) uniformly in i G M. 
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Let us notice that Gt := {Fq + it){Fo + it)~ is a symbol of type 5'p(S) due to our previous Proposition l6.31l and 
poinwise multiplication of symbols. It will be enough to prove that Fo(i^o + it)~ and t{FQ + it)~ are symbols of 
class 5'p(S) uniformly with respect to t & M+. 

The results of Section 4 of [H] show that Op^ [Sm] Op"^ [(i^o + ] is a bounded operator uniformly with 
respect to t e M+. Let us choose g N and a family {fi, . . . , C S'+(S). Using (|6.72p one gets 



\\5raf (aO^, •...■aO^„[(Fo+*i)-]) Us<C 



with C independent of i G M+, and this implies immediately the assertion for -Fb(^o + it) ■ 

Now use once again (|6.72p and the fact that Fq G S'™(S). The results of Section 4 of [12] show that 
iDp^ [(Fq + it)~] is a bounded operator uniformly with respect to i e M+, so one gets 



ad^\iFo + it)-]\\^s<C 



with C independent of i G IR+ and this implies the result, 
(ii) One has 

/ t'iFo+it)-'dteS;"'iE). 

JR 

This can be proved by writing 

\ai\-\ |-|Qfe| = |a| 

|oil + --- + lafcl = l"l 



(^d^'d^'-Fo^ {Fo + t)-^''+^^ 



So that we are reduced to evaluating 
But since s £ (—1,0), one has 



dt. 



dt = Fr" I i 4 



<C <£,> 



m(s — k) 



^k — s 



Fo 



5-fc 



dT 



Fo ^ . 



-(fe+i) 



dt 



< 



< c" < e > 



and this finishes the proof. 



7 Magnetic Fourier Integral Operators 

In this section we consider a definition given by J.-M. Bony for an operator to be a Fourier Integral Operator and 
using our Bony type criterion (Theorem 15. 24p as a starting point, modify it in what we shall call Magnetic Fourier 
Integral Operators. 

Let us consider one-to one mappings V, VF, • • • : 2 — > S. For complex functions tp defined in phase space, we 
introduce formally twisted magnetic commutators, generalizing our previous commutators aO^ : 

aO^'^[/]:=^f /-/f (^ol/). (7.76) 

They satisfy simple algebraic properties, that will be basic in the sequel: 

aO^'^[A/ + H = Aaf)^'^[/] + /iaf^^^b], (7.77) 

aof ^^°^[/ f g] = a<'^[/] fg + ff a<;^[ff], (7.78) 

a<^[r] = -aO^:rv^'[/]*. (7.79) 

Definition 7.35. Let ^ : S — > S be given and let 7?, be a vector subspace of 971^(5), supposed (for simplicity) 
closed under complex conjugation and such that TZoV C 971^ (S). We set 

^(B,y;7^) {/e9Jl^(S) I aO^;^...aO^;^[/] ££^(2), V7V e iV, V^,, . . . ,pj, G U} . 
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Clearly 5(5, id; 5+ (S)) = S°(E), by Theorem [521 In the framework of [5] (of. Definitions 4.3 and 3.1), for 
B = and under some assumptions connecting the diffeomorphism V and the metrics gi, g2, one has 

Dp[S{0,V;S+{l,g2))]=f\O{V;gi,g2) and 5(0, id; 5+(l; g) = 5(1; .g)). 



We shall consider a class of diffeomorphisms ^ : ^ ^ ^ and we shall denote ^{X) = {y{X),r]{X)) (for any 

satisfies the following conditions: 
Hypothesis 7.36. 



X = x,£,) G We shall also consider on ^ the metric Q(x.n{y,v) ■— < ? > ^ hP- We shall supose that $ 



1. $ : ^ ^ is of class C°° and symplectic for the canonical symplectic form on 5; 

2. there exists C > such that 

<C; 



3. the derivatives of order higher then 1 of $ and <i>~^ are bounded with respect to the metric g introduced 
above. 

One can easily prove that under our Hypothesis 17.361 the class of symbols S^{E) is stable for the composition 
with $. Thus we can define the class S{B, $; 5^(S)) as above. 

For a magnetic field B with components of class BC°°{X) we shall consider the class of symbols S{B, $; 5]^(S)). 
Moreover, chosing a vector potential A for B having components of class Cl^i{X) we shall consider the class of 
'magnetic Fourier integral operators ', in the Schrodinger representation associated to A: 

FIO^(<i>) :=Dp-^ [S{B,^;S+{E))]. 

In fact we shall prove that for a class of hamiltonians, the unitary evolution group they generate are of class 
FIO"^($) for a diffeomorphism $ given by a Hamiltonian flow. 

7.1 The symbol of the evolution group 

Given any Hamiltonian described by a symbol h e 5™(S) we shall define its associated flow <E>t : S — > S, that we 
shall also denote by Y{t;X) = $t(X), that is defined by the Cauchy problem: 

Y{t;X)^Xh[Y{t;X)], Y{0;X)^X, (7.80) 

with Xh the Hamiltonian field associated to h with respect to the canonical simplectic form a on S. Explicitely we 
have 

Xh ■■= {d^h, -dxh) . 

Hypothesis 7.37. Suppose h e 5™(S) is real elliptic and < m < 1. 
Lemma 7.38. Under the above Hypothesis \ 7. 37\ for the Hamiltonian h we have: 

1. the Cauhy problem l{7.80\ l has a unique solution Y(t; X) and the map 

R X E 3 {t, X) ^ Y{t : X) e E 

is of class C°° . 

2. for any given t G M. the flow $t satisfies the Hypothesis \7.36\ 

Proof. The first conclusion results from the fact that the Hamiltonian has at most a lineara growth. Let us turn 
now to the proof of the 3 conditions in Hvpothesis l7.36l The first one is a classic property of Hamiltonian systems. 
The second one can be easily verified using the ellipticity of h and the conservation of h along the flow it generates. 
For the third condition we have to integrate the components of the Hamiltonian field (|7.80p 

yj(t]x,i) = Xj + j^ds {djj.h){y{s]x,^),r]{s;x,£,j) 

(7.81) 

r]j{t;x,S,) = S,j - J^ds{dyM){y{s]x,^),'q{s;x,S,j). 
Now let us compute 

{9x^yj)(t;x,^) = djk+ ^ / ds [{dy^drjM){y{s;x,^),r]{s;x,^)){dx^yi)is;x,^)+ 
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+ {dr,idr,^h){y{s]x,(,),r]{s;x,^)){d^^r]i){s]x,^)] , 
{d.,V,){t;X) = - J2 f ds [{dy,dy^h){y{s;X)Ms;X)){d.,yi){s;X)+ 

+ {dr,,dy,h)iy{s;XU{s;X)){d,,r]i){s;X)] . 



Thus we have the estimations: 



max < 1 + C / ds may: \{d^^yi){s; X)\ + {r){s;X)) ^ ( max \{d^^r]i){s; X) 

max \(dxi.'ni)it', X)\ <C ds 



{r]{s;X))"' max \{d^^yi){s; X)\ + max \{d^^r]i){s; X) 

\ l</<n / V l</<n 

Due to the elUpticity condition (and to > 0) and the conservation of the Hamiltonian along the flow we eas 
obtain that there exists a finite constant c such that < ^ ><< r]{t; X) >< c < ^ > for any t gM.. Thus if 
denote for \a\ = 1 

£a,o{t;X):={ma^ {{d^yj) {t; X)\ + < ^ >-\ma^ \{d^,rjj){t; X)\\ , 

[^l<j<n 1<J<" J 

it defines a positive function for which we have proved the following estimation 



fo,o(i;^) < l + C / ds£a,o{s;X), 
Jo 

so that by the Gronwall Lemma we conclude that 

Let us consider now the derivations with respect to the A"- variables. 



(%%)(t;X)= f ds[{dy,dr,,h){y{s;X),n{s;X)){d^,yi){s;X)+ 



KKn 



+ {dnA^h){y{s:X),7j{s;X)){d^,rji){s;X)] , 
{d^,nj){t;X) = Sjk- Yl f '^^ [{dy,dy,h){y{s;XU{s-,X)){di,yi){s;X)+ 
+ {dAh){y{s-,XU{s-,X)){d^,'ni){8;X)\ . 



Thus we have the estimations: 



max < C f ds max | (s; X)| + (77(5; X)) ^ (max |(%J7;)(s;X) 



{V{s; X))"" ( mfix I (s; X) 



max^|(%'?0(«;-^) 



For lal = 1 let us denote 



£oAt;X) := I max \{d^yj){t; X)\ + < ^ m^ \{d^rij){t; X)\\ 
it defines a positive function for which we have proved the following estimation 

£oAt;X)<<C>-' +c f ds£a,o{s;X), 

Jo 

so that by the Gronwall Lemma we conclude that 

£oAt-,X)<<^>-^e^\ VieR, VXgS. 
We conclude that for \a\ + |q;| = 1 wc have the estimation: 

£aAt-' X) << ^ e^*, yt e M, VX e S. 
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Let us suppose now that for some fc > 1 we have proved that for any pair of multi-indices (a, a) with 1 < 
W\ + |q^| ^ k we have the inequaUty 

Let us choose then a pair of multi-indices (6, /?), such that |6| + \f3\ = k + 1 and let us apply the operator d^d^ to 
our system [7.811 Using our induction hypothesis we obtain 

Jo 

Thus using once again the Gronwall Lemma we obtain that 

SaAt;X) < Ct^ia,c.) < e Vt e]R,VX G S,V(a,a) G N" x N". 

It is now easy to conclude that our third condition in Hvpothesis 17.801 is satisfied. ■ 

Theorem 7.39. We suppose given a magnetic field with components of class BC°^'{X) and a Hamiltonian h 
satisfying Hypothesis \7.37\ In the Schrodinger representation associated to a vector potential A of class C'^i{X we 
have that Dp^{h) defines a self-adjoint operator and its unitary evolution group Pt :— exp{— itDp"^(/i)} is of class 
FIO"^($t) with $t the solution of problem |y.i$0[ j associated to h. 

The proof of this Theorem is based on the following two Lemmas. 
Lemma 7.40. Let a G S'™(S) and c G S^CE.). We consider on SiCE.) the natural Frechet topology. We denote by 
{., .} the Poisson bracket defined by the canonical symplectic form a on Then we have the following statements. 

1. For any t G M iwe have that c o G Si{E) and the map 

M3t>-^co$t gS'+(S) 

is of class C°°(R). 

2. We have that 

cfa - afc - i-^{c, a} G ^f^^S) 
and in particular c^^a — a'^^c G S'™(S). 

3. For m < I the map 

(c o a - af{c o $t) - z-i{(c o a} G S°,{E) 

is of class C°°(R). 

The proof of this Lemma may be obtained in a straightforward way from the arguments given in the first two 
sections of [T^ . 

Lemma 7.41. The unitary evolution group Pt generated by Dp^{h) satisfies the following relations. 

1. For any f G S{X) and any i G M we have that Ptf G S{X) uniformly for t in bounded sets. 

2. Pt G M{S{X)) for any t G R. 

3. The map R3 1 1-^ Pt (z B(iS(^)) is differ entiable for the strong operatorial topology on B(iS(^)). 

Proof. Let us denote by 7i™ the domain of the operator Dp'^(/i) with the graph norm (this is a magnetic Sobolev 
space [H]). For any multi-index a G N" let us denote by := (nf )°i • . . . ■ (H;^)"" and by f{t) := Ptf. It is 
enough to prove by induction on p + q (for (p, g) G N x N) that for any a G N" with jaj = g we have 

<x>p iiy{t) G rc2, (7.82) 

uniformly for t in bounded sets. 

Let us observe that our Lemma [7.401 implies that for any d G S'j^(S) we have [d, /iJjb G S'J"(5). This allows us 
to prove that for any r G N we have 

Dp^(d)] ^ Dp^{h)f{t) = ■ ^P^ih)] [^P^id]] ' u{t). (7.83) 

0<A:<r 
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Suppose that (p G C^{X) is such that ip{x) = for \x\ > 2 and (p{x) = 1 for |a;| < 1. Denote by 9j{x) :=< x > 
(p{x/j) for j > 1; then dj £ C^{X). Let us stil introduce the notations 

vj,p,a{t) ■■= O^nyit), Va e W\ \a\ = q. 

One has 

and using (|7.83p we conclude that 

d „ 



for any T > 0, with C a constant depending on T. Integrating this inequahty and using the Fatou Lemma we 



2 ^ II ||2 



<hj,pA\lHX) + C, for|t|<T, 



conclude that < x n^/(t) G L^{X) uniformly for t in bounded sets. Using once again (|7.83|) and some evident 
commutation properties we also obtain that Dp'^{h) (< x >p n^/(i)) G L^{X) uniformly for t in bounded sets. 
This proves ([7^ . 

The second conclusion of the Lemma follows from the Uniform Boundedness Principle. The third conclusion 
follows directly from the inequality 

<x>Pn^ (Ptf{t) - fit) + itDp^{h)f{t)) II < Cp,,{fM for \t\ < 1, |a| = q, 

that can be obtained by induction on p + q using similar arguments as in the proof of (I7.82p and the explicit form 
of the derivative of the map 

R3t^ Ptfit) - fit) + itDp^ih)f{t) e L^iX). 

U 

Proof of the Theorem. We introduce some more notations. We consider a fixed sequence {(ife}fcgN» from 
SpCE.) and multi-indices of various lengths: 

TV* := {a = iai,...,aj) e {N*y , j > 1, ai < . . . < a^} , M -.^ N* U {0}; 

a = (ai,...,aj) gAA* => # a j; #0 = 0. 
For two multi- indices a and (3 from J\f we say that (3 <Z a when 4)= /? < # and /?; £ {ai, . . . o^q}. Then we set 

K^[T] := Dp-^Cd o ■ T - T ■ Dp^(d), for any T e M{L^{X)) 

and for j =# a 

QJt):=K*^....IK^ [Ft] eB(5(A')), Qo(t) £ 

Due to our previous Lemma the maps R 9 t ^ QaW ^ ^{S{X)) are differentiable. Using induction on 4|= a we 
shall now prove that 

idtQJt)^Op^{h)-Q^{t)+ E Dp^M-Qp{t), 

(7.84) 

Vap £ and depend continuously on i £ M. 

For a = £ TV (|7.84p is true with ro = 0, being the definition of Pf. 

Now suppose that we have proved (|7.84|) for any a £ TV with # a < s £ N and let us choose ag+i £ N* such 
that cks+i > 1 for s = or a^+i > cts for s > and denote by a :— (ai, . . . , as, a^+i). We differentiate the equality 

Qdt) = K^^,^, [QJt)] = (t^P^K.+i ° P( - 1))) ■ Qcit) - Qcit) ■ ^^p-^K.^J 

and use l|7.84p . Lemma [7.401 and the equalities 

In order to finish our proof it is sufficient to prove by induction on ^ a with a £ TV the fact that uniformly for 
t in bounded sets we have 

QJt)eM{L^X)). (7.85) 

The case=fj= a = is evident. Let a £ TV* and suppose that (|7.85p is true for any /3 £ TV with f3 C a. Let us denote 
by ^a{t) the sum appearing in the right-hand side of (|7.84p . The map 

R3t^ m^it) £ M{S{X)) 
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is continuous and d\a{t) G M{L^{X)) uniformly for t in bounded sets. AA direct computation using (j7.84p and the 
fact that $0 is the identity on S shows that 

^ {P-tQJt)) = p^tm^it), (QUO) = 0. 

We conclude that ^ 

Jo 

and thus we obtain (|7.85p . ■ 

8 Appendix 

8.1 Regularization procedure 

Lemma 8.42. Let y be a finite dimensional real space. Suppose given p £ R and q G N, then we consider the 
weight 

{F e S\y) Id'^F e Ll,{y), \a\<q]3F^ v{F) := ^ sup < j/ >f WF){y)\ G R+ 
and the linear spaces: 

:= {F e S{y)' \d'^F e Ll,{y), \a\ < q , y{F) < ^} 
03. := {f e S'{y) I 3{^^mUeN C 5(3^), s.th.(0„, ^) {F,ip),'iip e S{y),v{cp.,^) < C,Vm e n| . 

Then we have: = 05.. 

Proof. Let n be the dimension of y. If G {F e S'{y) e L}^^{y), |a| < g} is such that v{F) < oo, we 

choose the cut-off function x S 23>(y) with x(0) — 1 and define Xm{y) '■— x("i~^y), and we also choose the 
regularizing function 9 G S{y) with dyd{y) = 1, and define 0„i(y) := ni"-9{my) and 0,„ := Xm{9m * F) £ S{y). 
Then it is straightforward to verify that given e > 

(0™,^) {F,^),yipes{y), 

m — 'OO 

'^i'Pm) = V sup < 2/ >f \{d''xm{o^ * F))iy)\ < 

^ E E s'^P < 2^ m-l"-''! I {d^-^x)m {Om * (d^F)) \ < 

\a\<qP<a 

<CY^ E sup<2/>Pm-l^l|(9^x)m(^m*(9"F))| <CV(F), 
for m large enough. Thus C 

For the reversed inclusion suppose we are given F G S'{y) such that there exists an approximating sequence 
{(t>m}rnefi C 5(3^) as in the definition of the space 05.. By the usual properties of tempered distributions it 
follows that converges to d^F in the sense of distributions for any multiindex a and also that the product 

< y >P d°'(f>m converges in the sense of distributions to < y >p d^F that is a well defined distribution for any 
p e M. As S{y) is dense in L^{y) we conclude from the definition of OS. that the sequences {< y >^ 9"0m}m6N, 
for any \a\ < q, belong to a finite ball of the space L°°{y) that is the dual of L^{y) and thus the sequence 
{< y >P d"(j)m}mGN tias accumulation points in the ball ||.||oo < (1 + ^)^{F)i and due to the weak convergence to 

< y >P d"F, this distribution must belong to the above ball ||.||oo < (1 + ()^{F)- We conclude thus that C 



8.2 Some composition formulae 
Lemma 8.43. For G BC{X) and U E we have 

i^f Zu){Z) = ^{z - u/2)tu{Z), {tu f ^){Z) = ^{z + u/2)tu{Z). 
Proof. By direct computation we get 
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= ^-2" J_ dZi dZ2 e-2'{<C-Cl..-.2>-<C-C2,.-.l> + <M,^2/2>-<C2/2,«>}^(^^)^Bj^(^^ ^ 

= 7r-2" dZi dZ2 e2^{<Ci^^--2>-<C2,2-2i-«/2>-<C,^-^2>+<C,^-^i>-<M,^2/2>}^(^^)^Sj^(^^ ^^^j^ 

Integration in and usual inverse Fourier formula for the Dirac mass gives Z2 = z\ similarly integration in C2 
implies zi ~ z — u/2. Thus, taking into account that the triangle T{z, z, z — u/2) is degenerate, we get: 

{^f tu){Z) = if{z - u/2)e-^'^(^'^)r!^[r(z, z, z - u/2)] - (^(z - u/2)tu{Z). 

Similarly: 

[zu f V){Z) - ^-2" ^ dZi ^ rfZ2 e-2.-.(^-^i.z-^2)f^B[^(^^ zi, Z2)]e-^'^(^'^^ V(^2) = 
= 7r-2" dZi dZ2 e-2^{<C-Ci,--2>-<C-C2,.-.i>+</.,.i/2>-<Ci/2,«>}^(^2)f^B[^(^^ ^^^j ^ 

= 7r-2" ^ ^ dZ2 e2»{<Cl,2-^2 + u/2>-<C2,^-2l>-<C.^-22> + <C,^-^i>-<M.^i/2>}^(^2)J^B[^(^^ ^2)] ^ 

= (^(z + M/2)e~^''(^'^'f^^[r(z, z + u/2, z)] = </7(z + u/2)e,7(^). 

■ 

Proof of Lemma 13.81 By direct computation we obtain 



^-i,y{X.,Ui) ^-ia(Y,U2) 



(ex f tY){Z) = 7r-2" ^ df/i ^ dU2 e-2-(^-^^'^-^^)f^^[T(z, ^1,^2)] 

where we have introduced the shorthand notation 

5{X, Y; Z, Ui, U2) :=< C - A^i, ^ - "2 > - < C - M2, z - ui > + 
+ < C, Ui/2 > - < Aii/2, a; > + < ?7, U2/2 > - < /i2/2, ?/ >= 

= < C, Z - U2 > - < ^ - "1 > + < -"1/2 > + <?/, 712/2 > - 

— < /ii, z + x/2 — U2 > + < ^2, z — y/2 — ui > . 

Integration with respect to fii and /i2 implies U2 = z + x/2 and ui — z — y/2 and the phase of the exponential 
factor will be: 

- < C, 2:^/2 > + < C, y/2 > + < ui/2 > + < ^7, "2/2 >= 
= - < C, a;/2 > - < C, y/2 > + < ^/2 > - < t//4 > + < 77, z/2 > + < 77, 2:/4 >= 
= -(l/2)a(Z, X + y) + (l/4)a(r, X). 

Therefore 

(ex f Cy)(Z) = e— (^+^'^) e(^/2)'^(^'^)r!^[r(z, z - y/2, z + x/2)] = 
= e(V2)-(x,y)^B[-^(^^ ^ _ y/2, z + x/2)]cx+y{Z), 

and the first equality is obtained. The second and the third follow immediately from Lemma 18.431 
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8.3 Proof of Proposition 13.61 

1) For {f,g) e [BC{X;L^{X'))] and for any x e X we can define f{x, .)-kg(x, .) € L^{X') depending continuously 
on {f,g) G [BC{X;L^{X'))]^. We can verify tliat 

sup 0*5(2:, Olll < ||/||oo,l ||.9l|oo,l. 

2) In a similar way, using the Hausdorff- Young inequality, for (/, F) G BC{X; L^{X')) x BC{X;LP{X')) and for 
any a; G A" we can define /(a;, .) * g{x, .) G and prove that 

snp\\f{x,.)^g{x,.)\\ < ||/||oo,i llffl|oo,p. 

For the case (/, 5) G BC{X; L^{X')) x LP{E) let us first suppose that p < 00 and g G S{E). Then for any x ^ X 
we can define 

/ dT]f{x,^-ri)g{x,ri), 
Jx' 

and we remark that 



\{f*gKx,Or < 11/(2:, our / rf^l/(x,C-7y)||ff(a:,r;)r < ll/lir; / dr;|/(a:,^-,7)||5(x,7y)r, 

■/A" Jx' 

dx I |(/*.g)(^,Or < ll/lirj / / / d^|/(x,e-r;)||5(x,r7)|P = 



X JX' JX JX' Jx 

loo.l 



dv dx d^\fix,^~ri)\\gix,r^)\P < 

X' Jx JX' 



< 



lirj / dJsnp\\f{x,.)\\,] [ dx\gix,r^)\^ = WfWL.ihFp- 
Jx' \xex ) Jx 



The case g G L*'(S) is now obtained using the density of S{p) in LP{a}j. For p = cx) we simply observe that for any 
X ^ X: 

\j{x,)^g{x:.)\ < ||5||oo||/(2:,-)l|i < ||5lloo||/||oo,i- 

3) We observe that 

<e>-"+l"l''|(5."9n/*g))(X)| < 



\b\<H 



IX 

< C max ||p,„9^/|loo,i max max sup | < C >-'"+''"5| 9^5f <?(x, 01- 

l&l<|a| |fe|<kl l/3|<l"l (a;,^)GH 

4) Evident. 

8.4 Multiple magnetic derivatives 

Using Corollarv l3.16l and the formulae in Section [3] we obtain 

Proposition 8.44. For B with components of class BC°°{X) and for any f G 5(S) we have 

1- mOpU < CU Efc<a E|;3|<(|a|-|6|)(2[n/2]+3) || (ac)f)^a5f | U , 

2. Ua^^ria^frfWo. < qai Et<a E|,|<(|.n,|)(2[„/2]+3) \\DiD^+^f\U 
where e := {ei, . . . , e„} and e := {ei, . . . , e„} are the canonical basis in X and X' , respectively. 
Proof. We first remark that 

D^, f^erD^f^ adf^ /; D,^ / = • D,f = aof^ / + Sff, 

so that 

D^f = (ei • D^r ■ ■ ■ (en • ^e)""/ = (Kr ■ ■ ■ {c^^Zr-f ^ (aof )"/. 



< 
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Next we use Proposition 13.61 and Corollarv l3.16l in order to prove that 

P.,/||oo = lie, • DJW^ < Wa^fjW^ + \\Sff Woo < h^fjWoo + Coo J2 Wi^^fTflU 

a|<(2[ri/2]+3) 

and similarly 

||at)f^/||oo< P.,/||oo + Coo P?/lloo- (8.86) 

|Q|<(2[n/2]+3) 

We continue by recurrence using Remark 13.151 and Proposition 13.131 

l<|a|<(2[n/2]+3) b<a 
l<l"l<(2[n/2]+3) b<a 

Let us suppose that for |a| < p we have proved that there exists some finite positive constant Cp such that the 
following estimation holds 

PS/||oo<C,E E ||(at)f)^(aDf)''/|U. (8.87) 

b<a |/3|<(|a|-|6|)(2[n/2]+3) 

Then the previous equality (|8.87p implies that, for any j 6 {1, . . . , n}, (with {Oj)k Sjk), 



mn^JWoo < C,E E IKaOf )^(aOf )'^(aD^./)|| 

b<a |/3|<(|a|-|b|)(2[n/2]+3) 



oo 



+c 



max max 

Ja|<P |a|<(2[n/2]+3) 



3 a 



E E P^«)"/iioo < 

b<a |/3|<(2[n/2]+3) 



<C,E E ||(ac,f)(''+«^)(ac,f)^/||..+ 

b<a |0|<(|a|-|b|)(2[n/2]+3) 

+g;^pE EE E \\{a^^nai,fna^frf\u 

b<a l<|/3|<(2[n/2]+3) c<b I7I < ( | b| - |c| ) (2[n/2]+3) 

One can find a constant Kp, depending only on p G N and on the dimension n of X, such that the expression in 
(|8.88p may be estimated by 

CpY: E IKaDf )(^+^^)(aOf )''/|U + KpC'^Cp E E ||(aOf )^(aOf )''/|U < 

b<a |/3|<(|a|-|f)|)(2[«/2]+3) b<a |/3| < (1+| a| - | b| ) (2[n/2]+3) 

<Cp{l + KpC'p) E E ||(ac)f)(''')(ac)f)^/|U, 

b'<a' |;3|<(|a'|-|6'|)(2[n/2]+3) 

where a' := a + 9j, so that |a'| = |a| + 1. Thus, taking Cp+i — Cp (l + KpCp), we obtain the condition (|8.87p for 
\a\ = p+1 and the statement of point 1 of the Proposition for |q!| = 0. Replacing then / with d^f — (aOf )"/, we 
completely prove the assertion of point 1 of the Proposition. Replacing the norms l|.||oo with the norms ||.||2 makes 
no changes, so we also have proved point 2 of the Proposition. 
Let us observe now that we can also write 

|Q|<(2[n/2]+3) 

and a similar induction procedure allows us to prove points 3 and 4 of the Proposition. ■ 
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8.5 Composition of symbols 

In order to estimate commutators of symbols we shall need to control the rest in the Taylor series and we consider 

for e C°°(S) 

ct)s{X, Y) := ct){X + s{Y - X)), for s G [0, 1]. 
Let us suppose that (p G for some m e M. Then 

\MX,Y)\<C <^ + s{rj-0 

Proposition 8.45. Suppose we are given G S^{E), ^ G S'^J(S) and G BC°°{X;C^^{X^)) (the bounded smooth 
functions on X with values in the space of smooth functions on X"^ with polynomial growth together with their 
derivatives ) . Then 

£,{0; cP, s){X) ■■= jjY dZe-2-(^-^.^-^)0(:r, y-x,z- x)MX, Y)i;{Z) 
defines a symbol of class for any s G [0, 1] and the mapping 

is continuous; all is uniform, with respect to s ^ [0, 1]. 
Proof. We use integration by parts observing once again that 

^^._^.)^-2ia(X-Y,X-Z) ^ _Ld^,e-^MX-Y,X-Z)^ 
(Z, - X,) e-2-(^-^,^-2) = _1 d^^^-2iaiX-Y,X-Z)^ 
- ^.•jf,-2i<7iX-Y,X-Z) = ^-2iaiX-Y,X-Z)^ 



so that we have the identity 



-2i<T{X-Y,X-Z) 



1 + 2|$-CP ; V l + 2|e-r/P 



(8.89) 



' l+i<{x-z),dr, > \ ' / l-i< {x-y),d^ > \ ' 2ia(X-Y,X-Z) 

l + 2|ar-^|2 ) V l + 2|ar-t/|2 ) 

for any exponents TVi, N2, Mi, M^- Then we start by considering (j) and ■i/' as test functions and we integrate by 
parts. Due to our hypothesis we easily obtain the estimation 

\Z,{e;<t>,t,s){X)\ < 
< C (^J^dY < ^ - T] >-'^'< ^ + s{ri - ^) >'"<a;-y >''i(^i'^=)-^i^ x 

< C" < C >"+P, uniformly in s G [0, 1], 

where we choose Ni > \m\ +n, N2> \p\ +n, Mi> ri(7Vi, 7V2) + n and M2 > r2{Ni,N2) + n, with rj{Ni,N2) the 
powers dominating d^^dy^6{x, y — x,z — x). Let us compute now the ^-derivative of <p, t/j) 

(%£<,(0;<^,V;s)) {X) = 
= - jjY jjZ [(a^. +Sc,)e-2^^(^-^'^-^)] e{x,y - x,z - x)ci>,{X,Y)i}{Z)+ 

+ jjy I d2e-2-(^-^'^-^)0(a;, y-x,z-x)[{l- s) {d^^<f) ^ {X, Y)] ^{Z) = 
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= I rfi"^ y-x,z-x)[s {d^^<f)^ (X, Y)] ^PiZ) + 



Considering the a;-derivative we obtain in a similar way that 

{d,^z,{e-cj,,^-s)) (x) = 

where 9(x^ y — x, z — x) :— dxj9(x, y — x,z — x). ■ 
8.6 Some confinement results 

In this Appendix we include some technical results inspired by [B]. In fact, as we only need some very particular 
case of the results in [6], we prefered to include here some complete proofs for these simpler Lemmas. 
Lemma 8.46. Suppose given the family {F^x,y)}(^ v)exxx ^ ^o^C^) /o'' some m S R, uniformly for {x,y) ^ X x X 
and X G C-'(^{X) with suppx C Bii{0). For \x — y\ > 2R and for any N Cz N we have 

< X - y >^ Txixm^^yMx] e s^iE) 

uniformly in x and y in the given domain of X x X . 

Proof. By the Theorem on composition of symbols T^[x]tl^'(a;,y)ttT'y[x] is a symbol of type 5'g"(S) and we have 
{rAxW(...y^Ty{x\) [Z) = TT-^" ^ dZ, ^ dZ2 e-2-(^-^-^-^^)x(zi - x) {F(,,,)«r,[x]} (^2) = 
= 7r-3" / dz, f dC2 I dZ, f dZ, e^^(^-^^.C-C.)^-2^.(z.-z,,z.-z,) xi^i - x)x{z4 - y)F^.,y){Zs) = 

Jx J X' JE JE ^2=z 



IX JX' 

-2" f dz, I dC2 I dzi I dC3e2'(^-^^'«-«=)e-2'(^-^^'f^-«^)x(zi-a;)x(z4-y)i^(.,j;)(^,C3) 



X JX' JX Jx 



-2n 



dzj dC2 dzj dC3e2'(^^''^-'^^)e-2'(^^'^^-^^)x(^-^i-2:)x(z-Z4-y)F(,,^)(z,C3) = 

X JX' JX JX' 

TT-^ f dz, I dC3 e2^(^-^-^^'x(^ -zi- x)x{z + - y)F(x.y){z, C3) = 

J X JX' 

due'^^^^hiz - u/2 - x)x{z + u/2 - y) .F2[F(,,^)(^, •)](-«), (8.90) 

Ix 

where J-2 is the Fourier transform with respect to the second variable. The hypothesis F^^.y) € implies that 

for fixed z E X, J-2[F(^x.y){z, ■)] is a tempered distribution having rapid decay (i.e. extending to a continuous linear 
functional on C^i{X)) and such that for any ip S C^i{X) the map X 3 z i-^< !F2[F(x,y){z, ■)], f >G C is of class 
BC°°{X) uniformly for {x,y) E X x X. If suppx C Bfi{Q) then the integral in (|8.90p is to be taken only on the 
domain B2R{y — x) and T:r[x]tJ-F(3.^y)jjrj,[x](2, C) = for z ^ B2r{{x + y)/2). For any iV G N we have 

< x-y {T,[x]ttF(..,)«r,[x]} (Z) = Tr"" < x-y / due'^^'^\(z-u/2-x)x{z^u/2~y) T2[F(x.y){z, ■)]{u) = 

J X 

= 7r-" / due^^^'^\{z-u/2-x)x{z + u/2~y) .^^[(1 - A)^F(,,,)(z, •)](«) = 

= TT- { (.^[1..,,,,]) * [(1 - A)^F(.,,)(Z, .)] } (0- 

Thus 

sup <C>"" \<x-y>^'' {Tx[xW^.,y)^ry[x]]{zX)\ 



< 
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< ^-"Sup < C >-'" \{(,r[^..y,.]) * [(1 - A)^F(..,)(Z, .)] } (C)| < 

< ^-"supll < . >l"l sup < C I [(1 - A)~i^(,.,)(z,C)] I < C 

uniformly in x and y with \x ~ y\ > 2i?. In fact, here we have denoted by 



^x.,v.z{u) := xiz-x- u/2)x{z -y + u/2) 



< X — y > 
<u> 



2N 



that is of class C{^{X) and such that together with all its derivatives, they have bounded L^-norms uniformly 
with respect to x, y and z. The derivatives d^d" {Tx[x]iiF{x.y)'i'''y[x]) {^) ^re clearly handled by completely similar 
arguments. ■ 

Lemma 8.47. Assume that {Gx}x(£X C ^"(S) are uniformly bounded with respect to x ^ X for the topology of 
S^CB) and Vj (with i—1,2) are symbols of class S'l (S) with rapid decay in the X -variable. Then, by denoting 

the family of symbols S^J^Sla; indexed by x ^ X , defines in any Schrddinger representation a family of operators 
{Ax}xex that satisfies the hypothesis of the Provosition \5.26[ 



Proof. First we observe that 



and a similar formula is valid for 2ta;tl^s^. 



Remark that if Oj (with j=l,2) is a symbol of class 5'f (S) with rapid decay in the ^Y-variable, then 5,7jjJ^tii(|^Sm 
is also a symbol of class Si{E) (Theorem on composition of symbols) and has also rapid decay in the <¥- variable 
because: 



dYdZ 



< X ~ z 



^-2ta{X~Y.X-Z) 



n''[T{x,y,z)]s^{Y)[<z>Pxo{Z)\ 



<x>^ 



< X ~ Z >P< Z >P 



and we apply the usual integration by parts technique to control the growing factor < x ~ z >p . 
So we can easily reduce the proof of the Lemma to the case m — 0. Let us compute 



1/2 



We have then: 

sup / dz \\Wy f <snp G,fTf,,o)[ti2] sup / dz Xj^^N f 'Jf^.o) [d] 

yexJx xex '^^ yexJx ^ ' 

But, extending formula (|3.23p to functions in 5*5* (S) with rapid decay in the .Y-variable, 



so that we can write 



<y - z> 



^< y — z > 



N 



dXidX2e-^^"''-^-^''^-^'^Q^{T{x,xi,X2)) < x - xi >-^<x-X2 x 



l-{i/2) <x^X2,d^, >Y 



< X ~ X2 > 

1 - {i/2) <x-xi,d^^> ^^ 

< X — Xl > 



^[y]*{1iy^o)Vi] 



(Xi)x 



< 
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|a| <g |^>| <g' 



1 - (i/2) <x- X2,d^, > 



< X — X2 > 

1 - (z/2) < 

< a; — xi > 



(Xi)x 



(^2) < CnAB) 



Lemma 8.48. Assume that {Gx}xex C S'™(^) are uniformly bounded with respect to x ^ X for the topology of 
iS'™(S) and Xi is a symbol of class >S'5*(S) with rapid decay in the X -variable. Then, by denoting 

the family of symbols s~ U^Sta; indexed by x £ X , defines in any Schrddinger representation a family of operators 
{Ax}xex that satisfies the hypothesis of the Provosition \5.26[ 

Proof. As remarked at the begining of the proof of the previous Lemma 18.471 it is enough to consider the case 
m = 0. Evidently the product 2lyjl^2lz is treated identically as in the proof of Lemma [8.471 So let us consider the 
opposite situation Stj^fj-^Slz for m = 0: 



sup / ||2lyji'^2lz|| J.^^ = sup / dz 



'iv.o) 



Bri aB-rTaBrrB m 



1/2 



Let us choose now £ C^{X) such that dx — 1 and thus, using Lemma [8.461 and our L^-continuity result 

in HI] 



sup/ dz||2l,f2t.||^C'<sup / dz [ dx Tf^.o)MfG,fTf,,o)M Tf,,o)Mf Tf,,o)[F] 



1/2 



But 



so that (using the rapid decay of o) 

sup / li^ ||2lytt^2tr|| < Civsup / dz \ dx du < y - u >~'^ < x - u < x - z >~'^ 

yGxJx yexJx JX JX 

(where for any N £fi there exists a finite positive constant Cat such that the inequality is true). I 
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